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Abstract —We have used various Kkinds of fuzzy
reasoning methods for the fuzzy control and the soft
science such as ""Min-Max Method", ""Product- Sum-
Gravity Method", “Simplified Fuzzy Reasoning” and
so on. In applying the fuzzy reasoning to the fuzzy
control and the soft science, it is very important
whether the method we choose satisfies monotonicity.
However the numerical reasoning functions of these
methods do not always hold the monotonicity.

In this paper, by defining some fuzzy mathematical
concepts, we obtain some sufficient conditions for the
monotonicity of "Product- Sum- Gravity Method"
and other similar methods.

1. Introduction

In applying the fuzzy reasoning to the fuzzy control
and the soft science, “Min - Max method”, “Product -
Gravity Method”

Reasoning” are often used. However these methods do

Sum - and “Simplified Fuzzy
not always hold the monotonicity under any conditions.
Following is an example that the “Min — Max method”

do not hold the monotonicity.

[Example 1]

Let the fuzzy sets X, (n=1,2,3) , Y, (n=1,2,3) and Z,
(n=1,2,3,4) be given as follows;
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And let the fuzzy rule be given as follows;
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Then, if the fact (x, y) = (0.58, 0.80), the result is as

follows;

X Ky X | Y Vs Y; Z, |47 z,
0 0.5 1o 05 o1 0 0.60.70.8 1
0.58 :

z5=(0.75 % 0.6+0.9 X2 X 0.16) / (0.6+2 X 0.16)=0.8201

However, if y is increased from 0.80 to 0.90, the result is

as follows;
) 08
X K, Xl | Y Y, Y; Zy |47 7,
e -t t 016
0 0.5 10 05 ol 0 0.60.70.8 1
0.58 0.

z5=(0.75% 0.8+0.9 X2 X 0.16) / (0.6+2 X 0.16)=0.7928

Therefore, the result z is decreased, in spite that the fact

(%, y) is increased. 1
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Above example tells us “Min — Max method” do not
always hold the monotonicity under any conditions, in
spite that monotnicity is a very important property in
kinds of

applications such as educational evaluation, medical

using the fuzzy reasoning to various
diagnosis and so on.

Then, we thought of it very important to know the
mathematical sufficient conditions for these fuzzy

reasoning methods to hold monotonicity.

2. Fuzzy Mathematical Concepts
In this define

mathematical concepts for the preparation for discussing

section, we will some fuzzy

the monotonicity of the fuzzy reasoning.

[Definition1] Fuzzy Partitioned Space
Let I be a bounded closed interval on R and let
FP(I)={A; : i€ A} be a family of normal fuzzy sets on I.
Then, if FP(I) satisfies the following equation, we call
FP(I) a fuzzy partition of I, I a fuzzy partitioned space
and each A;, which is element of FP(I), a fuzzy partition

set.
Ziea Ai(x) =1, xE1 9
[Definition2] « -level Sets

Let A be a fuzzy set on X. Then, the « -level set [A]*

is defined with the following equation;

(x € X} |AK) >}, 0<a<l
[A]*=

(x € X} |A(x) >0}, @=0

where's is a closer of s. q

[ Definition3])

For two normal convex fuzzy sets A and B defined on

Ordered Fuzzy Partition Sets

closed interval I on R, let & -level sets of A and B be

given as follows;

[A]% = [ag, by]

[BI* =[cq, dq]
Then, if the following equation is satisfied,
a,5Cq, by=<dy ; @ €[0, 1]

there is an order relation between A and B, and we

express the order relation between A and B as follows;

A<B 1

3. Fuzzy Reasoning on the Fuzzy Partitioned Space
In this section, we will discuss the fuzzy reasoning and

the definition of the monotonicity of fuzzy rule.

Fuzzy Reasoning on the Fuzzy Partioned Space

Let FP(F,), FP(F,), ..., FP(F,), FP(E) be the families
of the ordered fuzzy partition sets of fuzzy partitioned
space Fi, F,, ..., F, and E, respectively.
FP(F))={Li, Lo, ..., Lim | L1t <L1p<e..Ly i}
FP(F,) = {Lo;, Ly, .oy Lo | Loy <Lpp <L}

FP(Fn) = {Lnls Ln2» (EEE) Ln mn | Lnl <LnZ <~~-Ln mn}
FP(E) = {A}, Ay, ..., Ar | Ay <A, <. <A}

And, let the fuzzy rule be given by an onto mapping h;
h: FP(F,) XFP(F,) X ...X FP(F,) — FP(E)

which we call “Rule Mapping”.

Then, we call it “Numerical Fuzzy Reasoning” to
solve the conclusion E = @(x;, X, ..., X,) to the fact (xi,
X, ..., X,) and also call the function ¢ “Numerical

Reasoning Function”. 1

[Definiton4] Monotonicity of the Fuzzy Rules

Let the rule mapping h be given as follows;

h(L; i1, Lo, ..
h(Liji, Lo, ..

-, Ln in) = Ap,
-, Lnjn) = Aq,

~ (1)
~ @)



where 12 ip, j1€ my, 1S iy, o< my, ..., 12 1y, ju$ my,.
Then, for the equation (1) and (2), if the following
equation is satisfied, the rule mapping h is monotone
increasing;

ilS jl: IZS j25 teey 1nS jna = p < q
Especially, if the following equation is satisfied, the rule
mapping h is strictly monotone increasing;

kst

k<ju = p<q 1

3. Monotonicity of the fuzzy reasoning on the fuzzy
partitioned space
In this section, we will discuss the sufficient
conditions for the fuzzy reasoning defined on the fuzzy

partitioned space to satisfy the monotonicity.

3.1 Product - Sum - Gravity Method
Theorem 1
Monotonicity of Product-Sum-Gravity method

Let ¢psg : Xy X X, — Y be a numerical fuzzy
reasoning function using the Product — Sum — Gravity
method and h : FP(F;) X FP(F,) — FP(E) be the rule
mapping of this fuzzy reasoning.

Then, if the rule mapping h is monotone increasing, the
numerical fuzzy reasoning function @psg is also
monotone increasing.

And, if the rule mapping h is strictly monotone
increasing, the numerical fuzzy reasoning function @psg

is also strictly monotone increasing. 1

However, for the numerical fuzzy reasoning function
using Product-Sum-Gravity method which has more
than 3 inputs @psg : X; X X, X ... XX, — Y, above

property is not always satisfied.

Example 2
Let FP(L)={L1, Lo, L3 | L1 < L < L3}, FP(M)={M],
Mp, M3 | M1 <M3 < M3}, FP(N)={N1, N2, N3 | N1 <
N2 < N3} and FP(A)={A1 ,A2 ,A3, A4 | A1 < A2 <A3<

A4} be given as follows;

1

1
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And let the fuzzy rule, which satisfies the monotonicity,

be given as follows;
1.

2.

L1, MI, N1 = Al

L1, MI, N2 = Al

. L1, MI, N3 = Al
. L1, M2, NI = Al
CL1, M2, N2 = Al
. L1, M2, N3 = A2
. L1, M3, NI = Al
L1, M3,N2 = A3

. L1, M3,N3 = A3

10.

11.

12.

13.

14.

15.

16.

17.

18.

L2, MI,N1 = A2
L2, MI,N2 = A2
L2, MI,N3 = A2
L2, M2, N1 = A2
L2, M2, N2 = A2
L2, M2, N3 = A3
L2, M3,N1 = A2
L2, M3,N2 = A3

L2, M3,N3 = A4

19.

20.

21

22.

23.

24.

25.

26.

27.

L3, M1,N1 = A3

L3, M1,N2 = A3

. L3, MI,N3 = A3

L3, M2, NI = A3
L3, M2,N2 = A4
L3, M2,N3 = A4
L3, M3,N1 = A3
L3, M3,N2 = A4

L3, M3,N3 = A4

Then, if the fact (I, m, n) = (0.25, 0.75, 0.75), the result is

as follows;
LA AL N M, A M N, AN
T i T
025 1 075 1 075 |
1
AjlAy| As Ay
0 0.020.04 0.441‘

20=(0.125>0.01+0.25>0.03+7.5>0.24+7>0.72) /
(0.125+0.25+7.5+7)=0.460



However, if 1 is increased from 0.25 to 0.50, the result is

as follows;
L L, L N M /A Mg N, AN
0.50 1 075 ! 075 1
1
AjlAy| As Ay
A
0 0.020.04 P.44 1

20=(0.25 % 0.03+10 X 0.24+7 X 0.72) / (0.25+10+7)
=0.408

Therefore, the result z is decreased, in spite that the fact

(1, m, n) is increased. q

For the Product-Sum-Gravity method which has 3
inputs, the additional condition is needed to satisfy

monotoniciy.

Theorem 2

Monotonicity of Product-Sum-Gravity method

Let @psg : X1 XXX X; — Y be a numerical fuzzy
reasoning function using the Product-Sum—Gravity
method. And let h : FP(F,) X FP(F,) X FP(F;) — FP(E) be
the rule mapping of this fuzzy reasoning and be
monotone increasing.

Then, if the following condition is satisfied, the
numerical fuzzy reasoning function @psg is monotone

increasing.

Pl )X [QA+D)] 2 [P(A+1)[ X [Qu( )]
where
P(A)={Ty, Ty T3,:
h(...,Hr,...):Al, Ti=Typ, Zfi’-i-l}
Qk(l):{rla TZ) T39:
h(...,H,+1,..)=A,, T;=T;, T;+1} 1

3.2 Monotonicity of the fuzzy singleton-type

reasoning method
Let @5 : Xy XX, = Y be a numerical fuzzy
reasoning function and h : FP(F,) X FP(F,) — FP(E) be
the rule mapping of the fuzzy reasoning. Then, if the
FP(E) is given as real number z; (i=1,2,...,n) which has
the weight w; (i=1,2,...,n), this fuzzy reasoning is called
Fuzzy singleton-type reasoning method .

FP(E)=1{z, 23, ..., Zt | 21 < 7, <..< 2, }
[Theorem3]

Monotonicity of the Fuzzy Singleton-type

Reasoning method

For the Fuzzy Singleton-type reasoning method, if the
following conditions are satisfied and the rule mapping h
is monotone increasing, the numerical fuzzy reasoning
function @, is monotone increasing.

W 2wy 2 ... 2w,

ii)Zi<Zj=>Wi/WjSZj/Zi ﬂ

3.3 Monotonicity of the simplified fuzzy reasoning
For the fuzzy singleton-type reasoning method, if the
weight w; = 1 (i=1,2,...,n) then it is called Simplified

fuzzy reasoning method.

[Theorem4]
Monotonicity of the Simplified fuzzy Reasoning
method

For the Fuzzy Simplified reasoning method, if the rule
mapping h is monotone increasing, the numerical fuzzy
reasoning function @y, is monotone increasing.

Especially, if the rule mapping h is strictly monotone
increasing, the numerical fuzzy reasoning @, is also

strictly monotone increasing. 1

For the fuzzy singleton-type reasoning method,
without the condition of the Fuzzy Partition the
numerical fuzzy reasoning function @y, does not satisfy

monotonicity.



[Example 3]

Let F (L)={L1, Lp, L3} be a family of the fuzzy sets on
X (not the fuzzy partition on X;) and be given as follows.
And let FP(M)={M1, M3, M3 | M1 <Mp < M3},
FP(N)={N1, Nz, N3 | N7 < Nz < N3} and
FP(A)={A1 ,A2 ,A3, Aq| A1 < Ap < A3 < A4} be fuzzy
partition on X,, X3 and Z respectively, and be given as
follows;

1F(L)=(L. L, L;} (= Not Fuzzy Partion) . FP(M)={M,, M,, M; | MXM<M}

0.25 0.5 1 ]

FP(N) =N, N, Ny | NXN<N

A 4 h 4 A 4 h 4

1 1 1 1

1 1 1 1

AlAs | Ay b At

1 1 h 1 1

N, N, N; : : : :
1 1 1 1

1 1 1 ]

1 1 1 1

1 1 1 ]

0 HEl H :

! opoades T om 1 1

001 003 024 072

(z)) () (z;) (z,)

And, let the fuzzy rule, which satisfies the monotonicity,

be given as follows;

1. L1, M1, N1 = A1(Z1) 10. L2, M1, N1 = A2(Z2) 19. L3, M1, N1 = A3(Z3)

2. L1, MI1,N2 = Al(Z1) 11. L2, M1, N2 = A2(Z2) 20. L3, M1, N2 = A3(Z3)

3

4.

o

o

¢4

©

Then, if the fact (I, m, n) = (0.25, 0.75, 0.75), the result is

. L1, M1, N3 = AL(Z1)
L1, M2,N1 = Al(Z1)
. L1, M2,N2 = A1(Z1)
. L1, M2,N3 = A2(72)
. L1, M3,N1 = AL(Z1)
. L1,M3,N2 = A3(Z3)

. L1, M3,N3 = A3(Z3)

as follows;

. 12, M1, N3 = A2(72)
.12, M2,N1 = A2(72)
. L2, M2,N2 = A2(72)
. L2, M2,N3 = A3(73)
. 12, M3, N1 = A2(22)
.12, M3, N2 = A3(Z3)

. L2, M3, N3 = A4(Z4)

21.

22.

23.

24.

25.

26.

27.

L3, M1, N3 = A3(Z3)
L3, M2, N1 = A3(Z3)
L3, M2, N2 = A4(74)
L3, M2, N3 = A4(74)
L3, M3,N1 = A3(Z3)
L3, M3, N2 = A4(74)

L3, M3, N3 = A4(Z4)

0.25

- -
-———

«?
|

W
TS

P =
e

of T o2 (zg)] 0.72(z) 1

N

0.01 0.03
(z)) (2,)

7o =(0.125 X1+ 0.375 Xz, + 0.625 X z; + 0.375 X z4)
/(0.125 +0.375 + 0.625 + 0.375) = 0.5508

However, if 1 is increased from 0.25 to 0.50, the result is

as follows;

0.50 1 ! 075 1

-
-

2

=

%
l

P = i =
N

1
of 1
0.01 0.03
(z)) (2,)
z)=(025X2,+0.5%X 23+ 025X z,) /

(0.25 + 0.5 + 0.25) = 0.3075

0.24(z{) 0.72(z) 1

Therefore, the result z is decreased, in spite that the fact

(1, m, n) is increased. 9

4. Conclusion

In this paper, we have discussed the problem of
monotonicity which the reasoning function have to have
in applying to the various kinds of fields and some
sufficient conditions to solve this problem by defining
some fuzzy mathematical concepts.

Concretely, for the Product-Sum-Gravity method,
Singleton-type method and Simplified method, we have
showed the

sufficient conditions on which each

reasoning functions satisfies the monotonicity by

introducing the concept of Fuzzy Partition.

[References]



(2]

[3]

(8]

(9]

Lotfy A. Zadeh : Fuzzy Logic and the Calculus of
Fuzzy Rules and Fuzzy Graphs A Precise : Multi
Val Logic, 1996, Vol.1, pp1-38.
Lotfy A. Zadeh : Toward a theory of fuzzy
information granulation and its centrality in human
reasoning and fuzzy logic : Fuzzy Sets and Systems
90, 1997, pp111-127.

Mamdani E.H. : Applications of fuzzy algorithm for
control of simple dynamic plant, Proceedings of
IEEE, 121, 1585-1588, 1974.

Masaharu Mizumoto : Fuzzy Reasoning Under
New Compositional Rules Of Inference, Kybernetes.
Vol.2, 107-117, 1985.

Haruhiko Arikawa, Masaharu Mizumoto : Problem
of Unexpected Non-Linearity on Fuzzy Reasoning
and Proposal New Reasoning Methods, IECE
Transactions A Vol. J85-A No.l1, pp1324-1335,
2002.

Yoshiharu Okuda, Hajime Yamashita : Pedagogical
Evaluation  System  Applying  Approximate
Reasoning, North American Fuzzy Information
Processing Society, 400-405, 1997.

Yoshiharu Okuda, Jiro Inaida, Hajime Yamashita :
Fuzzy Reasoning using Fuzzy Partition and its
Application, North American Fuzzy Information
Processing Society XX I, 1998.

Yoshiharu Okuda, Hajime Yamashita, Jiro Inaida, :
Multiple Fuzzy Reasoning on the Fuzzy Partitioned
Space, IFSA Congress X1IT, 1999.

Yoshiharu Okuda, Hajime Yamashita, Jiro Inaida :
Monotonicity Analysis of Fuzzy Reasoning, SCIS
& ISTS 2002, 2002.

[10] Yoshiharu Okuda, Jiro Inaida, Hajime Yamashita :

Monotonicity Analysis of Fuzzy Reasoning, 13"
Soft Science Workshop Proceedings, 37-40, 2003.

[11] Yoshiharu Okuda, Jiro Inaida : Monotonicity

Analysis of Fuzzy Reasoning, 19" Fuzzy System
Symposium 437-440, 2003.



