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Abstract— Vector quantization with an optimal codebook
is attractive for lossy data compression. So far, a number of
codebook design algorithms have been proposed to minimize
a mean square error, MSE. However, these algorithms have
a problem that MSE minimization sometimes causes a se-
vere maximum-distortion, which is very important in several
applications. This paper proposes a competitive learning al-
gorithm with controlling maximum distortion that designs
a codebook giving a maximum distortion less than a given
error bound. The proposed algorithm assigns a code vector
to an input vector with a too large distortion. Experimental
results showed that the algorithm has maximum-distortion
control capability with an MSE minimized.
Keywords – vector quantization, optimal codebook design,
competitive learning, maximum-distortion control

I. Introduction

Vector quantization(VQ)[1] is one of the effectual tech-
niques for lossy data compression, and therefore, many re-
searchers have so far applied VQ to compression of audio,
image, movie and volume data [2]–[8]. According to Shan-
non’s rate distortion theory, VQ can achieve better rate-
distortion performance than other approaches using scalar
quantization(SQ). VQ exploits a larger amount of coher-
ence in data than SQ by binding scalars into a vector.

A vector quantizer maps vectors in k-dimensional Eu-
clidean space Rk into a finite number of representative
vectors in Rk. Such representative vectors are referred
to as code vectors, and a set of code vectors is referred
to as a codebook. A vector quantizer is specified by a
codebook Y = {y1, y2, ..., yN} and its associated partition
S = {S1, S2, ..., SN} that divides the input vector space
into N disjoint regions. Given a set of input vectors, it is
quantized by replacing all input vectors in Si with yi. This
replacement is called reproduction, and expressed as:

Q(x) = yi if x ∈ Si for i = 1, 2, ..., N (1)

where x ∈ Rk is a k-dimensional input vector.
Reproduction causes a quantization error, called distor-

tion. The distortion caused by reproducing x with y,
d(x, y), is commonly defined as the r-th power of the Eu-
clidean norm, ‖x − y‖r. In this paper, we use distortions
with r = 2. So far, most of VQ studies have aimed at
minimization of a mean square error (MSE). Let p(x) be
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probability distribution of x. The MSE is defined as:

MSE(Q) =
N∑

i=1

∫
Si

d(x, yi)p(x)dx (2)

To obtain a vector quantizer minimizing the MSE, we
have to find an optimal codebook Y and partition S in
regard to the MSE. There are the following two conditions
necessary to obtain such an optimal codebook[9].
Conditoin 1. Voronoi partition: For given code vectors,
the partition has to be the Voronoi partition so that:

x ∈ Si, if d(x, yi) ≤ d(x, yj), for all j. (3)

Condition 2. Generalized centroid assignment: For a
given partition, the code vectors have to be the generalized
centroid so that:

E [d(x, yi)|x ∈ Si] = inf
u

E [d(x, u)|x ∈ Si] . (4)

For r = 2, the centroid of Si is calculated as:

yi = E [x|x ∈ Si] . (5)

So far, codebook design methods have been proposed to
obtain a codebook satisfying these conditions.

Although the conventional methods minimizing the MSE
are good at preserving feature of data on average, they are
likely to give several quantized vectors with severe distor-
tions. Even though there are a few input vectors that have
very characteristic information of the data set, these input
vectors are not particularly preserved, resulting in quan-
tized data losing their original characteristics. In the case
of image compression application based on VQ, an image
is divided into n2-pixel blocks to form n2-dimensional in-
put vectors, which are quantized with a designed codebook.
The conventional method spoils characteristic blocks, e.g.
blocks containing letters and/or distictive patterns like
edges, because a small number of these block do not influ-
ence an MSE much. Thus, MSE minimization only restricts
degradation of overall image quality, not local features con-
cerning perceptual errors.

In a codebook with a minimized MSE, each code vec-
tor has an expected value of distortions that is in in-
verse proportion to the probability density of input vectors
around the code vector. Therefore, sparse input vectors,



which are in regions of low probability density, are likely
to have large distortions in minimizing an MSE. WCNN
algorithm[10] was proposd to even out distortions of input
vectors, instead of minimizing an MSE. WCNN algorithm
is an extended version of competitive learning algorithms
for uniform distortions. Within this algorithm, probability
density of input vectors are approximately estimated by
obtaining statistical distribution of input-vector’s norms.
Then, the WCNN algorihm reduces large distortions due to
low probability by competition using distortions weighted
with the reciprocal of the estimated probability.

However, WCNN algorithm has the following disad-
vantages. Firstly, the approximated estimation based on
norms gives inaccurate probability of input vectors, result-
ing in imperfectly uniformed distortions. Secondly, distor-
tions are unnecessarily evened out giving undesirable in-
crease of MSE. Users would sometimes like just to reduce
the maximum distortion, instead of evening out the whole
distortions.

This paper proposes a competitive lerning algorithm
with controlling maximum distortion that designs a code-
book with the maximum distortion less than a given er-
ror bound. This algorithm is an extension of a competi-
tive learning algorithm that is introduced a rearrangement
mechanism of code vectors. The algorithm also minimizes
an MSE while the maximum distortion is controlled.

This paper is organized as follows. Section II briefly
reviews conventional competitive learning algorithms and
their problem . Section III describes the proposed algo-
rithm. Section IV discusses the performance of the pro-
posed algorithm through experimental results. Finally,
Section V gives conclusions and future work.

II. Conventional algorithms for codebook
design

A. Basic competitive learning algorithms

A competitive learning algorithm is one of the most fa-
mous and widely used algorithms for codebook design mini-
mizing an MSE. A competitive learning algorithm basically
repeats a competition process to update a codebook. A
winner code vector of competition for a given input vector
is moved toward the input. Kohonen competitive learning
algorithm is a basic one with a winner-takes-all rule[11].

Within Kohonen learning algorithm, learning proceeds
as follows. Before learning, codebook Y = {y1, y2, ..., yN}
is initialized with some distribution of vectors. Then the
following learning steps are repeated for input vectors. For
input vector xk, such code vector yi∗ is found that xk ∈ Si∗

where Si∗ is the Voronoi region of yi∗ . This code vector
with the smallest distortion for the input vector is referred
to as a winner. The process to find a winner is called com-
petition or winner selection. Next, winner yi∗ is updated
based on:

yi∗ := yi∗ + α(xk − yi∗) (6)

where α is a learning rate, which is a positive constant for
codebook adaptability to inputs.

By repeating the above learning steps, code vectors are
generally approximating the probability distribution of in-
put vectors with small distortion. However, Kohonen learn-
ing has an inherent problem, i.e., the under-utilization
problem. Inadequate distribution of initial code vectors
gives several code vectors extremely distant from any in-
puts, which cannot be utilized for quantization. Such code
vectors have no opportunity to be moved by input vectors.
As a result, MSE is not reduced due to the local minima
given by under/never-utilized code vectors. So far, var-
ious extended competitive learning algorithms have been
proposed to avoid the local minima[12][13].

B. Issues accompanying MSE minimization

According to the partial distortion theorem[13], each re-
gion Si makes an equal contribution to the distortion for
an optinal quantizer with a large number of code vectors.

Di = E[d(x, yi)|x ∈ Si] · Pi ≈ constant (7)

where Di is called the partial distortion in region Si for
code vector yi. Pi is the probability that x ∈ Si. Eq.(7)
means that the expected value of distortions in Si, that is
Di/Pi, is in inverse proportion to Pi in the case of an opti-
mal codebook minimizing an MSE. Since input vector dis-
tribution is generally not uniform, there exists differrence
in the expected distortion among code vectors. Naturally,
there also exists difference in a distortion of each input vec-
tor. The region with a large expected distortion is likely to
contain input vectors with large distortions, and vice versa.

In the codebook design minimizing an MSE, the smaller
probability density of input vectors results in the larger
distortion. The region with the lowest probability den-
sity is likely to give an input vector the maximum distor-
tion. Thus, a distortion of each input vector is not con-
trolled at all, but just given according to its probability
density. However, the maximum distortion is also impor-
tant in some applications, and one of the measures of VQ
quality.

Several applications require low mamixum-distortion.
Let’s suppose that VQ is applied to image compression.
In this case, firstly the original image is divided into n2-
pixel blocks to form n2-dimensional input vectors, which
are quantized with a designed codebook. If a codebook de-
signed with MSE minimization is used, each block (input
vector) has a different distortion. While some blocks are
very similar to their original blocks, and some blocks are
very different from the original ones. This feature of MSE
minimization can cause extreme corruption for a few but
very characteristic and important blocks, e.g. blocks con-
taining letters and/or distictive patterns in an image. The
larger maximum-distortion an image has, the more serious
perceptual error we often feel as shown in Fig.1.

These characteristic blocks (or input vectors) are likely
to have maximum distortions because of their small prob-
ability. In order to guarantee acceptable quality for these
characteristic blocks, the maximum distortion should be
controlled less than an error bound given by users. This is
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Fig. 1. (a) Orignal image (APC). (b) Reconstructed image with
MSE = 285.87, maximum distortion = 2637.48. (c) Reconstructed
image with MSE = 272.52, maximum distortion = 17024.10.

the motivation of our work. We extend a competitive learn-
ing algorithm so that the maximum distortion is controlled
by users. To reduce the maximum distortion, several code
vectors have to particularly be assigned to input vectors
with distortions larger than the given error bound. On the
other hand, an MSE should also be reduced in addition to
the maximum-distortion control.

In this paper, we propose a competitive learning algo-
rithm with maximum-distortion control. This algorithm
performs the Kohonen learning with rearrangement of code
vectors. When an input vector with a distortion larger than
a given error bound is detected, a code vector is arranged
at the input vector location to avoid the unacceptable dis-
tortion. The arranged code vector is selected so that the
expected increase in MSE is smallest. As a result, users
can control the maximum distortion with minimum MSE
increase. The next section describes the proposed algo-
rithm in detail.

III. Competitive learning algorithm with
maximum-distortion control

A. Approach

As mentioned in Section II-B, our goal is to control the
maximum distortion less than a given error bound for op-
timal codebook design. Simultaneously, we also have to
consider MSE minimization while the maximum distortion
is controlled. To achieve this goal, we extend the Koho-
nen competitive learning algorithm. Within the Kohonen
learning, a winner of competition is moved toward the in-
put vector. At the same time that the winner is found for
the input vector, we can know the current distortion of the
input vector. We use this online distortion of each input
vector to control the maximum distortion.

When we detect an input vector with a distortion larger
than a given error bound, such a distortion should be re-
duced to less than the bound. For this reduction, we take
a means of specially assigning a code vector to the input
vector. In order to keep the number of code vectors con-
stant, one of the code vectors has to be selected and deleted
simultaneously for the special assignment. This procedure
of deletion and new assignment can be regarded as rear-
rangement of the selected code vector

Although the new assignment is effective for maximum-
distortion control, MSE can be increased by deleting an-
other code vector. To minimize MSE increase, the deleted
code vector should carefully be selected. In the following
subsections, we describe a method to select a code vector
that has small contribution to MSE.

A.1 Code-vector selection for rearrangement

To restrict unnecessary increase of MSE, we delete a
code vector with small contribution to MSE in the rear-
rangement process. We need a metric to evaluate the MSE
contribution of each input vector.

When a code vector is removed, an MSE increases be-
cause input vectors to be approximated by the code vector
have larger distortions to their secondly closest code vec-
tors. This increase of MSE can be used to evaluate the
MSE contribution of the code vector assumed to be re-
moved. We define MSE contribution of a code vector as
the degree of MSE increase assuming that the code vector
is removed.

Now we give mathematical definition of MSE contribu-
tion. Q(x) is a code vector that approximates input vector
x. Let Q∗(x) denote a code vector that is secondly closest
to x. In other words, Q∗(x) approximates x when Q(x) is
removed. MSE contribution of the i-th code vector, MCi,
is defined as the sum of distortion increases due to deletion
of the code vector:

MCi =
M∑

j=1

(d(xj , Q
∗(xj)) − d(xj , Q(xj)))δi,arg Q(xj) (8)

where δi,j is Kronecker’s delta (i.e., δi,j = 1 for i = j, and
otherwise δi,j = 0 ), and arg Q(xj) means the identification
number of code vector Q(xj). We select a code vector with
the smallest MC for rearrangement.

To decide if rearrangement is actually performed by us-
ing the selected code vector, we have to take care of the
maximum-distortion emerging when the selected code vec-
tor is deleted. Here, we also define maximum-distortion
contribution of the i-th code vector, MDCi, which is the
biggest distortion concerning the code vector to be deleted.

MDCi = max
j

d(xj , Q
∗(xj))δi,arg Q(xj) (9)

If the MDC of the selected code vector is larger than the
distortion of the target input vector for rearrangement, the
maximum distortion is not reduced by this rearrangement.
On the contrary, the maximum distortion becomes larger.
Therefore, we do not perform the rearrangement in this
case.



TABLE I

Competition history table

iteration winner index 1st distortion 2nd distortion
T argQ(x(T )) d(T ) d∗(T )

T − 1 arg Q(x(T − 1)) d(T − 1) d∗(T − 1)
T − 2 arg Q(x(T − 2)) d(T − 2) d∗(T − 2)

...
...

...
...

T − L + 1 arg Q(x(T − L + 1)) d(T − L + 1) d∗(T − L + 1)

A.2 Online estimation method

Offline calculation of MCi and MDCi has a large over-
head, and therefore requires long computing time. In order
to avoid the overhead to obtain MCi and MDCi for each
competition, we propose their online estimation method.
For the online estimation, we use a competition history ta-
ble shown in Table I. The competition history table has
L lines, each of which contains three elements: a winner
index, a distortion for the winner (1st distortion), and a
distortion for the secondly closest code vector (2nd distor-
tion). The t-th line corresponds to the input vector of the
(T − t + 1)-th iteration, x(T − t + 1), where the T -th one
is the current iteration. We estimate MCi and MDCi by
using the history of the latest L iterations.

For concise description, let d(t) and d∗(t) denote
d(x(t), Q(x(t))) and d(x(t), Q∗(x(t))), respectively. The
recent MCi can approximately be calculated by:

MCi(T ) =
L∑

t=1

(d∗(t) − d(t))δ(i, arg Q(x(t))). (10)

Similarly, the recent MDCi can approximately be calcu-
lated by:

MDCi(T ) =
L

max
t=1

d∗(t)δ(i, arg Q(x(t)). (11)

The competition history table can be implemented as a
cyclic buffer. Since the sum for MCi(T ) and the max-
search for MDCi(T ) can incrementally be performed, the
overhead of this online estimation is very low.

B. Procedure of the proposed algorithm

Our proposed algorithm performs competitive learning
with code-vector rearrangement based on the online esti-
mation of MCi and MDCi. We present the procedure of
the proposed algorithm as follows.

Step 1: Initialize all the code vectors with randomly se-
lected vectors from the set of input vectors, and
set all the entries of the competition history table
zero.

Step 2: At iteration T , choose an input vector x(T ) and
calculate distortions for each code vector. Let di =
d(x(T ), yi).

Step 3: Find Q(x(T )) and Q∗(x(T )).
Step 4: Delete the (T − L + 1)-th line of the com-

petition history table, and write arg Q(x(T )),

Fig. 2. Lena test image

d(x(T ), Q(x(T ))) and d(x(T ), Q∗(x(T ))) to the
table.

Step 5: Incrementally calculate MCi(T ) and MDCi(T )
according to Eqs.(10) and (11), respectively.

Step 6: Find a code vector with the smallest MC(T ),
ydeleted.

Step 7: If MDC(T ) of ydeleted is less than a given er-
ror bound, and d(x(T ), Q(x(T ))) exceeds the er-
ror bound, then jump ydeleted to the location of
x(T ). Moreover, replace entries concerning the
ydeleted with null. Write an index of ydeleted, 0,
d(x(T ), Q(x(T ))) to the current line of the compe-
tition history table.
If not, then update Q(x(T )) based on the Kohonen
competitive learning rule:

ywin := ywin − α(T )(x(T ) − ywin) (12)

where ywin denotes Q(x(T )) and α(T ) is a leaning
rate at iteration T .

Step 8: If T is less than a predetermined value, T = T + 1
and goto Step 2.

Step 7 is a key of the proposed algorithm to perform
rearrangement of a code vector.

IV. Performance evaluation

A. Experiments

We conducted experiments by applying the proposed al-
gorithm to image compression based on VQ. For experi-
ments, we used Lena test image shown in Fig. 2. The size of
the image is 512×512 pixels, each of which has 8-bit depth.
The image is divided into 42-pixel blocks to form 16384 16-
dimensional input vectors. By subtracting pixel values with
an average pixel value of each block, mean residual vectors
were generated as input vectors. Image compression based
on VQ of mean residual vectors reduces block noise and
edge degradation compared with direct VQ.

The number of code vectors, N , was set 128 or 512. The
initial code voctors were generated by randomly selecting
from input vectors. All of the experiments were executed
ten times and the results presented are the average value of



Fig. 3. Error bound and maximum distortion for N = 128 Fig. 4. Error bound and maximum distortion for N = 512

Fig. 5. Error bound and MSE for N = 128 Fig. 6. Error bound and MSE for N = 512

the ten runs. In the following subsections, we will compare
the proposed algorithm with Kohonen competitive learning
algorithm (basic CL) and MMPDCL algorithm.

B. Results and discussion

Figs. 3 and 4 show relationship between an error bound
and a maximum distortion for N = 128 and 512, respec-
tively. Each mark shows the average of ten experimental
results, and a vertical line crossing the mark shows the
maximum and minimum results. The proposed algorithm
made the maximum distortion less than the given error
bound when the error bound was not a too small value.
The maximum distortion controlled by the proposed algo-
rithm is always less than that by the Kohonen algorithm,
and can be a smaller value than that by the MMPDCL
algorithm.

For the larger number of code vectors (N = 512) allows a
much smaller error bound to control the maximum distor-
tion in comparison with the smaller number of code vectors
(N = 128). Thus, the limitation of maximum-distortion
control depends on the number of code vectors. We refer

to the smallest error bound that can control the maximum
distortion as an error bound limit. In addition, when a
too small value is given to the error bound, the maximum
distortion cannot be controlled and becomes a large value
because there are not code vectors enough to reduce the
maximum distortion.

Figs. 5 and 6 show relationship between an error bound
and an MSE for N = 128 and 512, respectively. In these fig-
ures, an MSE has different trends. In Fig. 5, the MSEs ob-
tained by the proposed algorithm are comparable to those
by Kohonen algorithm and MMPDCL algorithm for er-
ror bounds larger than the error bound limit. This is be-
cause these algorithms do not suffer from local minima in
minimizing an MSE for the small number of code vectors
(N = 128). As an error bound approaches the error bound
limit, an MSE slightly increases. When an error bound
is less than the error bound limit, an MSE dramatically
increases.

On the other hand, in Fig. 6, the MSE obtained by the
proposed algorithm for large error bounds is similar to that
by Kohonen algorithm, which is much larger than that by



(a) Lena test image with “LENA”

(b) Basic CL (c) MMPDCL (d) WCNN (e) Proposed

Fig. 7. Image compression results of Lena with characters.

MMPDCL algorithm. This is because Kohonen algorithm
and the proposed algorithm were trapped by local min-
ima due to the large number of code vectors (N = 512),
while MMPDCL algorithm avoided the local minima and
minimized an MSE. However, the MSE obtained by the
propsed algorithm is reduced as an error bound decreases
to the error bound limit. This is another effect of the re-
arrangement of code vectors. The rearrangement of code
vectors gets rid of code vectors with low error contribu-
tion, which are under/never-utilized code vectors causing
the local minima.

Through these experimental results shown in Figs. 3 to 6,
WCNN algorithm achieved the maximum distortions that
are comparable to those by the proposed algorithm. How-
ever, WCNN algorithm could not reduce MSEs in com-
parison with the proposed algorithm. This is because the
inaccurate probability estimation and unnecessarily evened
out distortions. Besides, we believe that the capability to
control the maximum distortion is an outstanding advan-
tage of our algorithm.

We also conducted experiments using the image with
characters shown in Fig. 7(a). We inserted characters
”LENA” in the Lena test image to generate blocks with
large distortion. Each character consists of about 8 × 5
pixels. We used 128 code vectors and set an error bound
10, 000. Figs. 7(b) to (e) show the characters in the re-
constructed images obtained by Kohonen algorithm, MM-
PDCL algorithm, WCNN algorithm and the proposed al-
gorithm, respectively. While the former three algorithms
resulted in the corrupted characters, the proposed algo-

rithm could completely preserve them as they were in the
original image.

V. Conclusions

In this paper, we have proposed a competitive learning
algorithm with controlling maximum distortion. The pro-
posed algorithm performs competitive learning with rear-
rangement of code vectors in order to control the maxi-
mum distortion. The rearrangement operation deletes a
code vector with small MSE contribution, and assigns a
new code vector to an input vector that has the maximum
distortion larger than an error bound given by users. Ex-
perimental results have shown that the proposed algorithm
can control the maximum distortion while minimizing an
MSE.

Further performance evaluation should be conducted
with various sets of input vectors for different configuration
of parameters: the number of code vectors and dimension.
In addition, we will introduce an additional mechanism to
avoid local minima even though rearrangements do not oc-
cur so often.
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