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Abstract — In this paper, we present a new method for
calculating the degree of similarity between interval- valued
trapezoidal fuzzy numbers. The proposed similarity
measure uses the concept of geometry to calculate the
center-of-gravity (COG) points of the lower trapezoidal
fuzzy number and the upper trapezoidal fuzzy number of
interval-valued trapezoidal fuzzy numbers, respectively,
and then to calculate the degree of similarity between
interval-valued trapezoidal fuzzy numbers. We also prove
some properties of the proposed similarity measure. The
proposed method provides a useful way to calculate the
degree of similarity between interval-valued trapezoidal
fuzzy numbers.

[. INTRODUCTION

In [12], Guijun et al. presented the definition of
interval-valued fuzzy numbers and their extended operations.
In [16], Wang et al. studied the correlation coefficient of
interval-valued fuzzy numbers and some of their properties. In
[14], Lin used interval-valued fuzzy numbers to represent
vague processing time for dealing with job-shop scheduling
problems. In [17], Yao et al. used interval-valued fuzzy
numbers to represent unknown job processing time for
constructing a fuzzy flow-shop sequencing model. In [13],
Hong et al. presented a distance measure of interval-valued
fuzzy numbers. From [13], [14], [16] and [17], we can see that
interval-valued fuzzy numbers are very useful to represent
evaluating values to deal with real-world problems. From [5],
we can see that the similarity measure between generalized
fuzzy numbers [2] is very important in the research topics of
fuzzy decision-making and fuzzy risk analysis.

In this paper, we present a new method to calculate the
degree of similarity between interval-valued trapezoidal fuzzy
numbers. Furthermore, we also prove some properties of the
proposed similarity measure. The proposed method provides a
useful way to calculate the degree of similarity between
interval-valued trapezoidal fuzzy numbers.

The rest of this paper is organized as follows. In Section
II, we briefly review the definitions of interval-valued fuzzy
sets [11], interval-valued trapezoidal fuzzy numbers [13] and
the simple center-of-gravity method (SCGM) [5]. In Section
III, we present a new similarity measure of interval-valued
trapezoidal fuzzy numbers. Furthermore, we also prove some
properties of the proposed similarity measure. In Section 1V,

we use two examples for calculating the degrees of similarity
between interval-valued trapezoidal fuzzy numbers. The
conclusions are discussed in Section V.

II. PRELIMINARIES

In this section, we briefly review the definitions of
generalized trapezoidal fuzzy numbers [2], [3], interval-
valued fuzzy sets [11], interval-valued fuzzy numbers [13]
and the simple center-of-gravity method (SCGM) [5].

In [2] and [3], Chen represented a generalized trapezoidal
fuzzy number A as A=(a,, a, a3, ag;y)» Where 0 <y
<1 and ay, a, a; and a4 are real numbers. The generalized
fuzzy number A of the universe of discourse X is
characterized by a membership function oy where (I X —
[0, 1], as shown in Fig. 1.
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Fig. 1. A generalized trapezoidal fuzzy number 4 .

Definition 2.1: An interval-valued fuzzy set C defined in
the universe of discourse X is defined by

C={(x,[u&x), pd (D |xe X},

where 0 < ﬂé (< ﬂg (x)< 1 and the membership grade e (%)
of an element x belongs to the interval-valued fuzzy set C is
represented by an interval 4.(x)= [ué(x), ug (x)]-

From [17], we can see that if 4'= (af, a3, a¥, ai;
#t ) and A = (al s af s &Y, af ; Y ), where
%Ufaéjfaéjfaij, a<ay<ajy<ay,0 < W% < 12;%/ <1, aIlNd
A" 4Y, then the interval-valued trapezoidal fuzzy number A
=(A' A=} b ab afs i) (o af s ol af

wY¥)], as shown in Fig. 2.
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Fig. 2. Interval-valued trapezoidal fuzzy number i .

From Fig. 2, we can see that the interval-valued trapezoidal
fuzzy number 4 has two elements A* and ZU, where A" is
called the “lower trapezoidal fuzzy number”, and 1Y s called
the “upper trapezoidal fuzzy number”
and A"

. From Fig. 2, we can see
that the two elements jL of the interval-valued
trapezoidal fuzzy number j can be regarded as two different
generalized fuzzy numbers A" and j”, where A'= (af, ak,
AL, v =

L L L
a’<d¥ <aU<a4 s af<ay<ar<ay, 0 <

U U U U . =«
(al s> Qy > d3z > Qg > W% >

wE <@ <1, and
A A

L L .
as > Qg >

Ate 2V It al =af , a5y =adl, a¥=d¥, a;=af and
wk=wY =Wy then the interval-valued trapezoidal fuzzy number
j canAbe regarded as a generalized trapezoidal fuzzy number,
denotedas A = (a1, @y, a3, ay; W ).

Assume that there are two interval-valued trapezoidal fuzzy
numbersj and E where i =N[( al > ay, ar, ay; @Aé ),
(af, d¥, ¥, ai; WZ land B = [(b, b, b-, bE; ﬁ;ﬁ)
(&7, b bY, b5 w~ U)]. The arithmetic operatlons between the
interval-valued trapezmdal fuzzy numbers A and B are
defined as follows [8], [13]:

(1) Interval-Valued Trapezoidal Fuzzy Numbers Addition &:

U

~®BR=1(,L L L L. voouU U .
A®B=[(a;, ay, a5, ay; wé),(a1 s ays ass ags

We 1@ [(pf, bE, bE, bf; WwE), (6, by, bY,

by ; WL:/)]

= [(ai *b{'say+byai +by,ay+bys Min (3L, wil)),

(al +b7,aY+bY . a%+bY, ol +bY;
A, (1)

where af, ay, ays ais ai> ays afs ais b by, b

bf, bY, bY, pY and p{ are real values, 0 <pL<pU<1
A A

Min ( WN

and 0 <pt<py<l1.
B B
(2) Interval-Valued Trapezoidal Fuzzy Numbers Multiplication ®:

~TRQR=1(,L L L L. « voou U U.
A®B= [(a;, ays ay»> ays w%), (ay s ay > a3 ajs

W] ® (b}, by, bE, b WE), (6, by, bY,
b4 s Wg ]
= [(af *bfab % bbsab < bbb < Min (i, b)),
Ca’ xb’,ad xby,ad xbY, x bl
Min (3%, #9))], 2
i B

L L L L U U U 3L L L
Where a|9 aza a33 a43 alsazs aéja a49 bl’ bz) b33
by, bV, bY, pY and by are real values, 0 <pL<yU<1
i
and 0 <pLi<p¥<l.
5B

(3) Interval-Valued Trapezoidal Fuzzy Numbers Division &:
ADB=[(at, b abs abi t) (o oY oY, af:
W)l @ (b}, by, bE, bys W) (bl b3 by
by )]

= [(al /by, ak /bt ak /by af /bl ; Min Gt @2)),

(a /by a5 /by ,ad /by, af /b ; Min (WN,
W1 (3)
B
L L U L 4L
where af, ay, af, ai, oV, af, ¥, af. b}, by, b,

by, bV, bY, pY and bY are nonzero positive real values
or nonzero negative real values, 0 <;L< ‘J <1 and 0
<pEspd< 1 E

’ In fS], Chen et al. presented the simple center-of-gravity
method (SCGM) to

point(x”, y")of a generalized trapezoidal fuzzy number based

calculate the center-of-gravity

on the concept of geometry. Let 4 be a generalized trapezoidal

fuzzy number, The formulas for

ZZ(% @, @, ag; Wy) -
calculating the COG point (X:m y*z) of the generalized

trapezoidal fuzzy number 4 are as follows:

W x (B2 1 9)

ay-a; . ~
———, ifag #a4and 0<wy; <1,
yi= 6 1 4 (4)

72, if aj =ay and 0 < Wy <1,
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o vilaz+ay)+(as +a)Ovy
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III. A NEW METHOD FOR CALCULATING THE DEGREE OF
SIMILARITY BETWEEN INTERVAL-VALUED
TRAPEZOIDAL FUZzZY NUMBERS

In this section, we present a new similarity measure to
calculate the degree of similarity between interval-valued
trapezoidal fuzzy numbers. Let U be the universe of discourse,

U = [0, 1]. Assume that there are two interval-valued



= [ZL ZU] [(al s aZL: aé":
L. L

ay > W~) (al > 92 > (13 P a4 5 Wg)] and B = [BL BU] =
[(blLa sza b3La 4L’ WE) (b]U’ b2U: b}b ’ bila W~ )]a where
<a/<a¥<a{<af =< 1 0 < g'<ay<ai<a;< 1 0 < 4t

W=
A

7 <1 and AL AU 0 SHSHSpSpS 1, 0 <
WS Y s 1 and B*cBY. The

proposed method for calculating the degree of similarity

trapezoidal fuzzy numbers Z

N ©

bLSb;sb;Sbf <1,0<

between interval-valued trapezoidal fuzzy numbers is now
presented as follows:

Step 1: Based on formulas (4) and (5), get two COG points of
the interval-valued trapezoidal fuzzy numbers Z where the
one is the COG point (" x5, y ) of the lower trapezoidal
fuzzy number AL and the other one is the COG point ( x* X,

-, ) of the upper trapezoidal fuzzy number AU shown as
follows
W x(“3 w 2 +2)
a4 ‘al e L L AL
« , ifa’ #a, and 0 <wz <1,
Vi = 6 o i 6)
Wk
4, ifa =aj and 0 < W% <1,
2 A
. y (a3+a2)+(a4+a1)(‘2’£_y )
xi’ Zﬁ/L (7)
bi
U U
W x (% +2)
o5 ifeY #a¥ and 0< WY <1,
Yz, = U6 i ®)
ifa” = and 0 < W <1,
2 A
. vs @ ra))+(a) +al )W - ys)
v = 2wY ’ ©)
b

In the same way, we can get the COG points ( X%L , y%L) and
( Nx; , J’%u ) of the interval-valued trapezoidal fuzzy numbers
B. o

Step 2: Calculate the degree of similarity S( 4%, B*) between the
lower trapezoidal fuzzy numbers 7' and B and calculate the
degree of similarity S( Zi,EU) between the upper trapezoidal

fuzzy numbers 4Y and BY, shown as follows:

al —bt
1_ i=1
[( -

S(A*,B*)= -l

§L

o=

)x (1= )

mln(y;, ’y%L )
Xe————— (10)
max(yiL 'Yz )

a’ —bY

S(AY.BY) = (01~ )

)x (1= x: —X~ )]2

. mln(ywy ) (11)

max(yz,, vz,

where S(4*, B") € [0, 17and S(4¥, BY) e [0, 1]. The larger
the value of S(A",B"), the more the similarity between the
lower trapezoidal fuzzy numbers A" and B'; the larger the
value of S(4Y,BY), the more the similarity between the upper
trapezoidal fuzzy numbers 7Y and BY. B

Step 3: Calculate the degree of similarity S( A4 ,NE) between
the interval-valued trapezoidal fuzzy numbers 4 and E as
follows:

SCL By = st Bhyx s, B, (12)
where S(j, E) € [0, 1]. The larger the value ofS(j , 5), the
more the similarity between the interval-valued trapezoidal

fuzzy numbers 4 and 3.
The proposed similarity measure between interval-valued
trapezoidal fuzzy numbers has the following properties:

_ Property 3.1: Two interval-valued trapezmdal fuzzy numbers
A and B are identical if and only if S( 4, B) =1.
Proof:
1 If j and E are identical interval-valued trapezoidal fuzzy
L=pb, gb=pt, ab=pt,
a/=b",ad=b",a=p", aﬁj s WE_WL and AU_W%

Based on formulas (10) and (11), the degree of 31m11ar1ty

numbers, then af =5, a

S(AL B! ) between the lower trapezoidal fuzzy numbers
7 and B' and the degree of similarity S( AD BY )
between the trapezoidal upper fuzzy numbers AU and BU
can be calculated as follows:
i _biL
- f) x(1—|x=~
§ min(y=,, y:,)

max( yi, , yi )

=[(1-0)x(1- 0)]2><1
=1,

o ialb —bU
S(AY,BY) =[(1-F——)x(-|x, —x, )]2

mln(ywy )

maX(y~l,y )

1
=[(1-0)x(1-0)]> x1
=1.

Therefore, we can get

S(L, By =/SCI, Bryxs(AY, BY)
1x1
1.
(ii) 1 S(4, B) = 1, then S(4*,B") = 1 and S(4",B") = 1.
Based on formula (10), we can see that if S(4*, B* ) = 1, then



4
o ZQiL—biL
S(ZL,l?L):[(l—i:‘i)X(l— —x, )]2
mm(ywy )
maX(y~L,y )
=1.
It implies that ol =p", ay =bf, af =bf, a;y=b/,

xi =xi s yo, =y, and {pL=yl. Therefore, the lower
O TR TG i

trapezoidal fuzzy numbers 7' and B' are identical. In

the same way, if S( jU,EU) = 1, then based on formula

(11), we can see that

-b/
SGY B =10 T e, i
min(y=, , v, )
" max(y,,vx,)
=1.
It implies that o =p",aY =bY,aY =0V, af =0,

X =xl ., y. =y, and pY=3Y. Therefore, the upper
4Y BY 4 BY ~ A B ~
trapezoidal fuzzy numbers 77 and BY are identical.
From (i) and (ii), we can see that the interval-valued trapezoidal

fuzzy numbers 4 and B are identical. Q.ED.

Property 3.2: S(i , E) = S(E, Z)
Proof: Based on formula (12), we can see that

(L, By = S(It, Bhyx sV, BY),

S(B, A) =SB, A1y S(B, 1),

where
d L
~ = Zai g 1
S(AL,BL)=[(1—%)X(1—)C —x;)]2
min(y; yB )
Xi?
max(y=, ,yz,)
4
~ ~ zbiL_aiL 1
S(BL,AL)z[(l—%)x(l—x —x=, D)2
mm(yN,,y )
maX(y~L,y )’
4
o Za,”—b”
S(4Y,BY) =[(1-=—)x (1~ —x~ )]2

mln(yw Vi)
maX(yAL D)

St -a

su _ .
S(BY, V) =[(1 - ) (=[5, —x%,
. * *
mln( yEL 5 yiu )
Xx— B TA
* * 9
max( y;u > yiu)
4 4 4
L L L L U U U %
where al b= b/ —al|, Y|a’ -b'|= Db’ —a/|,
i=1 i=1 i=1 i=1
* * * * *
Xy =Xs | o= Xs, —Xs | T Xey =Xz |

min(y=, , y=, )
max(y=,, x,)

min(y>,, =)
max(y, , =, )

min(y=,,v=,)
max(yz, , s, )
min(y:,, y=,)
maX(J’;u > .le, )

. Thus, we can see that S(ZL, EL) = S(EL,

jL) and S(ZU, EU) = S(EU, i”). Therefore, S(A4,B) =

S(B,A). Q.ED.
Property 3.3: If A and B be real - Values between zero and
one, where 4 =aand B = b, then S(A B)— 1—|a—Db|.

Proof: If A and B be real values, then we can see that

4 =[(at, at, af, at; w§),(af, ay» ai, ai; )
=[(a,a,a,a;1),(a,a,a,a;1)]
=(a,a,a,a;1)
=a,

B =[0fs bs by b3 A (s B B b
=[(b, b, b, b; 1), (b, b, b, b; 1]
=(b, b, b, b; 1)
=b.

Based on formulas (6) and (8), we can see that y%L = J’%L
= y%U = 1/2. Based on formulas (10) and (11), we can get

4

2

S B =10-T——

4 5 WLN/)]

I
yin

L L
a; —b,

i

o=

)]

)x (1=

min(yzL Yz
x A B

L

WZZ *

max(yz,, vz, )

4la-b .
=[0-—— )x (1-|a—b]]> x1

=1-

U U
a; —b;

i=1 x
;. xa-

)]2

S(AY, BYy=[(1 - ——

mm(h ,y )

Cmax(7 )



—b 1
:[(I—M)x(l—‘a—b‘)]le
:1—‘a—b‘.

Therefore, we can see that

S(L, B) = s(At, By s(AV, BY)

= J=|a=B)x(1~|a-b))
:1—‘a—b‘.

QED.

IV. NUMERICAL EXAMPLES

In the following, we use two examples to calculate the
degrees of similarity between interval-valued trapezoidal
fuzzy numbers.

Example 4.1: Assume that there are two interval-valued
trapezoidal fuzzy numbers 4 and B, shown as follows:

4 =[(0.3,0325,0375,04;0.25), (0.1,02,0.3,04;1)],

B - [(0.5,0.525,0.575,0.6; 0.25), (0.5,0.6,0.7,0.8; 1)].
The process for calculating the degree of similarity between
the interval-valued trapezoidal fuzzy numbers 4 and E is
illustrated as follows:

[Step 1] Based on formulas (6)-(9), we can get the COG point
COG( 4* ) =

numbers AL where

(x~ ) y ) of the lower trapezoidal fuzzy

a3L —a;
* af - alL

i 6

0.25x (0.375 -0.325 1)
04-03

6

WE x (

=0.1042,

. vs(as v a))+ (g +al )b - ys,)

- 20!

~0.1042 % (0.375 + 0.325) + (0.4 +0.3) x (0.25 - 0.1042)
- 2x0.25

Ny

=0.35.

In the same way, we can get the COG point COG( ZEL) =(0.55,

0.1042) of the lower trapezoidal fuzzy numbers B*; we can
get the COG point COG(A4”) = (0.25, 0.3889) of the upper
trapezoidal fuzzy numbers A4Y; we can get the COG point
COG(BY ) = (0.65, 0.3889) of the upper trapezoidal fuzzy
numbers BY.

[Step 2] Based on formula (10), we can calculate the degree of
similarity S(A",B") between the lower trapezoidal fuzzy
numbers A° and B", shown as follows:

a; —bL

S(AL Bt y=[1-E yx(1-

x~ —x~ )]2
min(y: V=)
« AL’ B

max(ysz,,yz,)

(- 0.3-0.5+[0.325 - 0.525| +[0.375 - 0.575| +[0.4 — 0.6\)
4
x (1-]0.35-0.55) x 1]
=0.8.

Based on formula (11), we can calculate the degree of
similarity S( ZU,EUN) between the upper trapezoidal fuzzy
numbers A" and BY, where S(4Y,BY)=0.6.
[Step 3] Based on formula (12), we can calculate the degree of
similarity S(A B) between the interval-valued trapezoidal
fuzzy numbers 4 and B shown as follows:

1 B) = st Bhyx sV, BY)

0.8x0.6

= 0.6928.

That is, the degree of similarity between the interval-valued
trapezoidal fuzzy numbers 4 and B is about 0.6928.

4.2: Assume that A4 is an
trapezoidal fuzzy number 4 ,

Example interval-valued

and assume that B is a
generalized trapezoidal fuzzy number, where

1= [(0.1,0.2,0.3,0.4;0.5),(0.1,0.2,0.3,04; 1)],

B =(04,05,0.6,0.7;0.5).
Based on the discussions of Section 2, we can see that the
generalized trapezoidal fuzzy number B can be represented
as follows:

B =(04,0.5,0.6,0.7;0.5)

=[(04,0.5,0.6,0.7;0.5),(04, 0.5, 0.6, 0.7; 0.5)].

The process for calculating the degree of similarity between

the interval-valued trapezoidal fuzzy numbers 4 and the
generalized trapezoidal fuzzy number B is illustrated as

follows:

[Step 1] Based on formulas (6)-(9), we can get the COG point
COG( 4* ) = (& o v, ) of the lower trapezoidal fuzzy
numbers AL shown as follows

0.5x(0‘3'0'2 +2)
+ 0.4-0.1
yZL 6
=0.1944,

e 0.1944x(0.3+0.2) + (0.4 +0.1)x (0.5 0.1944)
2%0.5

=0.25.



In the same way, we can get the COG points COG(EU) =
(0.25,0.3889) of the interval-valued trapezoidal fuzzy numbers
A . Based on formulas (4) and (5), we can get the COG point
COG( B ) of the generalized trapezoidal fuzzy number B, where
COG(B)=(0.55,0.1944).

[Step 2] Based on formula (10), we can calculate the degree of
similarity g(Z L B ) between the interval-valued trapezoidal fuzzy
numbers 4 and the generalized trapezoidal fuzzy number B,
shown as follows:

0.1-0.4/+]0.2-0.5+]0.3-0.6) +]0.4 - 0.7]
)%

’:L . _
S4%,B) =[d 2

(1-]0.25-0.55)) x 1]
=0.7.

In the same way, based on formula (11), we can calculate the
degree of similarity S( 4Y ,NE) between the interval-valued
trapezoidal fuzzy numbers_ A and the generalized trapezoidal
fuzzy number B, where S( 4", B) = 0.35.

[Step 3] Based on formula (12), we can calculate the degree of
similarity S( 4 ,B) between the interval-valued trapezoidal fuzzy
numbers 4 and the generalized trapezoidal fuzzy number B,
shown as follows:

S(4,B)= \/S(ZL, ByxS(4Y, B)
=40.7x0.35

= 0.495.
That is, the degree of similarity between the interval-valued
trapezoidal fuzzy numbers 4 and the generalized trapezoidal
fuzzy number B is about 0.495.

V. CONCLUSIONS

In this paper, we have presented a new method to
calculate the degree of similarity between interval-valued
trapezoidal fuzzy numbers. We also have proved some
properties of the proposed similarity measure. The proposed
similarity measure provides a useful way to calculate the
degree of similarity between internal-valued trapezoidal fuzzy
numbers.
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