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Abstract- This paper deals with a balanced model
reduction for a class of nonlinear systems with uncertain
time varying parameters using a T-S(Takagi-Sugeno) fuzzy
approach. We define a generalized controllability gramian
and a generalized observability gramian for a stable T-S
fuzzy systems with uncertainties. We obtain a balanced
state space realization using the generalized controllability
and observability gramian and obtain a reduced model by
truncating not only states but also time varying uncertain
parameters from the balanced state space realization. We
also present an upper bound of the approximation error.
The generalized controllability gramian and observability
gramian can be computed from solutions of linear matrix
inequalities. We demonstrate the efficacy of the suggested
method by illustrating a numerical example.

I. Introduction

For linear finite dimensional systems with high orders,
optimal control techniques such as linear quadratic
gaussian and H, control theory, usually produce

controllers with the same state dimension as the model.
Lower dimensional linear controllers are normally
preferred over higher dimensional controllers in control
system designs for some obvious reasons : they are easier
to understand, implement and have higher reliability.
Accordingly the problem of model reduction is of
significant practical importance in control system design
and has been a focus of a wide variety of studies for recent
decades(see [1-4] and the references therein).

Model reduction techniques have been developed for
linear uncertain systems as well. Using LMI machinery,
Beck suggested a balanced truncation method for linear
uncertain discrete systems with related error bounds[5],
Model reduction techniques for linear parameter varying
systems were also reported by several researchers [6,7,8].
However, comparatively little work has been reported for
the model reduction for nonlinear systems.

In recent years, a controller design method for nonlinear
dynamic systems modeled as a T-S(Takagi-Sugeno) fuzzy
model has been intensively addressed[9,10,11]. Unlike a

single conventional model, this T-S fuzzy model usually
consists of several linear models to describe the global
behavior of the nonlinear system. Typically the T-S fuzzy
model is described by fuzzy IF-THEN rules. Based on this
fuzzy model, many researchers use one of control design
methods developed for linear parameter varying system. In
order to alleviate computational burden in design phase and
simplify the designed fuzzy controller, the state dimension
of the T-S fuzzy model should be low.

In this paper, using a fuzzy approach we develop a
balanced model reduction scheme for T-S fuzzy systems
with norm bounded time varying uncertain parameters. In
section I, we define the T-S fuzzy system with time
varying uncertain parameters. A generalized controllability
gramian and a generalized observability gramian are
defined and a balanced realization of T-S fuzzy system
using the generalized controllability and observability
gramian is also presented in section III. A model
approximation bound is derived and a suboptimal
procedure is described to get a less conservative error
bound in section IV. Section V demonstrates a numerical
example and finally some concluding remarks are given in
section VI.

The notation in this paper is fairly standard. R denotes
n dimensional real vector space and R""is the set of real
nxm matrices. A" denotes the transpose of a real matrix
A. 0Oand I denote zero matrix and identity matrix
respectively. M >0 means that M is a positive definite
matrix. In a block symmetric matrix, * in (i,j) block
means the transpose of the matrix in (j,i) block. Finally

||, denotes the #, norm of the system.

II. T-S Fuzzy System

We consider the following fuzzy dynamic system with
uncertain time varying parameters.

PlantRule i (i=1,---,7):
IF p() is M, and --
THEN

and p,(0)is M,,

I



x(t) = Ax(t) + FEw(t) + Bu(t)

z(t) = Hx(t)+ Ju(t) (1)
(@) = Cx(t)+ Gw(t) + Du(t)

w(1) = ©(t)z(1)

where r is the number of fuzzy rules. p,;(t) and
M, (j=1,--,g ) are the premise variables and the fuzzy set

respectively. x(f)e R" is the state vector, u(f) e R" is the

input, y(r)eR” is the output variable and
w()e R?,z(t)e R’ are variables related to uncertain

parameters. A,F, ---,D,are real matrices with compatible

dimensions. ©(¢) is an uncertain parameter matrix defined
as follows:

O(1) = diag(6,()1,1,6,(D)] 5.+, 0,(D1,,), 2

O (OWSI, g=q,+q,++q,.

Let u(p()) , i=1,--,r ,be the normalized membership
function of the inferred fuzzy set 7 (p(¢)),

p(p(y) =P (3)

2 A (p(®)
where

h(p)=T]M,(p, @),

T

pPO=[p) p©) - p,1)] )

In this paper, assuming for all i, A(p(®)=0 and

ih,.(p(t)) >0 we obtain
#(p(1) 20, Z u(p@)=1. %)

For  simplicity, by

u :[/ul
written as follows :

defining x4 =p(p(t)) and

u, ] the uncertain fuzzy system (1) can be

30 = Y 1 (A(0) + Fy(0) + Bu(t))

= 3(0) + F(0) + Bt
2(0)= 3 1 (H (0 + Ju(0)

= H(u)x(t) + J (gu(t) ©)
Y= 3 4 (Cax(0) + Gwld) + Da(1)

= Clu)x(t) + Gywlt) + D(uyu(t)
(o) = O(1)z(1)

In a packed matrix notation, we express the fuzzy system
(6) as follows :

A(w) | F(p) 1 B()
Go=|H() | 0 | J() (7

Cu) | G(w) | D(u)

III. A Balanced Realization

In this section we present a balanced realization for the
uncertain fuzzy system (7) using generalized controllability
and observability gramians. First we define generalized
controllability and observability gramians.

Lemma 1 : (Generalized controllability and observability
gramians)
1) Suppose that there exist Q=0">0 and

R=R">0, R=diag(R,,R), R e R (i=1,---,5)

satisfying LMI (9), then the output energy is bounded
above as follows :

j: y(t)" y(t)dt < x(0)" Ox(0) for u(t)=0.  (8)

AiTQ+QAi * * *
RH. -R * *
L()i: T ' <0,i=1,---,r (9)
Fo 0 -R *
C. 0 G -

i i

2) Suppose that there exist P=P >0 and
S=85">0, S =diag(S,,---,S,), S, e R (i=1---,5)
satisfying LMI (11), the input energy transferring from
x(—0)=0 to x(0)=x, is bounded below as follows :

Ilu(t)ru(t)dt >x,"P'x, (10)

PAT+4P *  *
HP  -§ * *

L, = o <0,i=l-r (1)
SF, 0 -5 *

BT JT 0 -1
(proof) The proof is omitted due to space limitation.

As in [6], we say Q and P solutions of LMI's (9) and
(11), are generalized observability gramian and
controllability =~ gramian  respectively. =~ While  the
observability and controllability gramian in linear time
invariant systems are unique, the generalized gramians of
the fuzzy system (7) are not unique. But the generalized
gramians are related to the input and output energy as can
be seen in lemma 1.

Using the generalized gramians, we suggest a balanced
realization of the uncertain fuzzy system (7). We obtain a
transformation matrix 7 and W satisfying



X =diag(o,,0,,",0,) = TTQT =7'PT"
0,20,220,

I1=diag(®,,®,, -, ®,) = diag(n,,7,,"",7,)
=W'RW =Ww~'SW™" (12)
tr(®@) 2tr(®,)=---2tr(d,)

With T and W defined in (12), the change of coordinates
in the fuzzy system (7) gives

A | ) | By
%=m@+ogw

G, (1) | D,(1)

T AT | T FW | T'B(x)
=| W H(uw)T 0 WU (13)

where ©,(t)=W"'O@)W .

One can easily observe that the state space realization of
(13) satisfy following LMI's (14) and (15).

A, (1) E+ 24, (1) + C, (1) C, (1)

L,(w)= IH, ()
G,(1)' Cy (1) + F, (i)' (14)
—IT * <0
0 G(w' G (w-T
SA4,(1)" + A, (1) + B, (1) B, (10)"
L(p)= H, (1) +J,(11)B,(11)"
7, ()" as)
S, ~TT % |<0
0 I

From this reason, we say that the realization (13) is a
balanced realization of the fuzzy system (7) and X is a
balanced gramian.

IV. Balanced Model Reduction
In this section, we develop a balanced model reduction
scheme using the balanced gramian defined in section III.
We also derive an upper bound of model approximation
error. We assume that the fuzzy system (7) is already
balanced and partitioned as follows :

4,(1) A4, | Fi(w) F]z(#)iB](u)
A (1) An(p) | Fy(u) Fp(u) | By (1)
Go=| Hy(u) Hy(w)| 0 0w
Hy (1) Hy(u)| 0 0 1w

Ar,ll Ai,lz F:ll E,]Z i Bi,l
- Ar,2] Ai,22 F: 21 F;,ZZ i B:,Z
:z,u, H,,ll Hi,lZ 0 0 ! J,,l
= Hx 21 Hi.22 L 0 0 i JI,Z (16)
Ci,l Ci.Z G,,l Gi,2 i D,
@_qusz) O}Fﬁf
w®] [ 0 8,0 %0

where 4, (1) e R™*, and the other matrices are compatibly

partitioned.

From (16) we obtain a reduced order model by
truncating n—k states and g—v uncertain parameters as
follows :

w (1) =0,(1)z,(?)

Theorem 2 The reduced order system (17) is
quadratically stable and balanced. Moreover the model
approximation error is given by

|66~ Go [ <2 So+Yz) (18

J=k+1 J=v+l
(proof) We partition X =diag(L,%,)and II=diag(I1,,11,)
where X, e R™*, TI, € R”. Then the reduced order system
(17) satisfies LMI's (19) and (20).

A, ()" 2+ 2,4, (1) + C (1) C (1)
ILH,, (1)
G(w) (1) + F, (1) 2,
* *
-1, * <0
0 G (,u)TGl(y) -1II,

(19)

ZlAll(ﬂ)T +4, (W, + Bl(ﬂ)Bl(ﬂ)T
H, (WZ, +J, (,U)B1(,U)T
HIFH(,U)T
Jl(/,[)Jl(/,[)T _H1 * <0
0 —I1

(20)

1

Hence the reduced order system is quadratically stable and
balanced. Without loss of generality we consider 2 cases.
Casel : (k=n-1, v=gq)

Note that in this case F,(u), Fn(u), H,(u), Hy(u),
J,(1) and G,(x) are empty matrices. Hence a state space

realization of the error system G° :G(_)—é@1 can be

written by



() | Fuu) 1 B.(w)
6, ~| | o170
Cw) |Gy | 0
A 0 0 [Rw 0 | BW]

0 A Auw| 0 EwBw| @D
_ 0 Ay (1) Ay (10) 0 F, (1) i B, (1)
T Hy(w) 0 0 » 0 0 1 J(w

0 H, (@) Hp,(w)

—C(,U) G G | =G(w) G(ﬂ)‘ 07_

where ©,(¢) = diag(O(t),0(t)) .

The change of coordinate in the error system gives

AW | Ew) | B
%;:mua{o ()

C(w |G 0

= - (22)
MuMMM|Mfum.Mfam

=| “Hom |0 T |
C, (M G, (1) b0
where
I I 0 B, (n)
M=|I -I 0|, B(w=| 0 |,
0 1 B, (1)
A, (1) A, ()12
A,(u) = 0 An(/u) —A4,()/2 |,
Ay (@) =4, () Ay (1)

F(w)/2 Fy(w)/2
F(w)=|F,(w)/2 -F(w)/2],
0 Fy (1)
He(ﬂ){H”(ﬂ) Hy(uw) 0 }
H, (1) —H, (@) Hy,(u)

J
LWFL&}QWFW—MW)QWL

G, (1) =[-G(u) G(w)].

It is well known that the existence of £, =X >0 and
IM,=11 >0 I1,0,0)=0,nI, satsfying following

LMI (23) guarantees |G(f)e

<y.

1—‘]]
H ()%, +J,(1)B, ()"
TLE, () +7 TG, (1) C,(w)Z,
* *
T (@' =TI, * |<0,
0 I';

(23)

where

Ty =2,A4,(u) +A,(w)Z, +B,(1)B, (1)
+772.C, (1) C. (1),
r33 = 772HeGe (Iu)T Ge (lu)He _He'
Let y=20,, ¥, =diag(Z,,0.%,",20,) and
H 2H71 H _ 2H71
I1, = * G’; . G’; e Then LMI (23) can be
[M-c 11" Il+o,11

expressed as follows :

u’ o0 0 u 0 0

L=|0 Ul oL 0 U 0
0 0 Ul 0 0 U,
o0 Vv, 0 0

+H 0 VS 0 |L(w 0 ¥, 0]<0 (24)
0o o0 v 0 0 7,

where

Case2:(k=n, v=q-1)

In this case, 4,(1), 4,(1), A1), F,(1), Fn(u),
H,(u) and H,,(x) are empty matrices so that the error
system becomes

A () | F(w) | B(w)
G =|Hu| o ‘J(m

C, (1) Ge(u) 0

[ Aw) 0 Fn(#) 0 0 !B
0 Aw) | 0 Fw F,w!Bw| 25
Hy(w) 0 0 0 01U
o Hw| oo 00 1S/
0 Hyw| 0 0 0 @

C) Cw) [-G(w G G| 0



where O, (t) = diag(0©,(t),0(¢)) . The change of coordinate
in the error system gives

A | Fw) | B.(w)
G, = Hew){ AT

Cw |Gl 0
r -1 -1 | -1n (26)
M A (M | M7F () | M”'B, (1)
=| HwM | 0 S |
C (M G.(w) | 0

where

o1 (A 0 B
M_|:I _I:|7 Ae(/u)_|: 0 A(lu):|7Be(ﬂ)_|: 0 :|:

F(/J):|:E1(,U)/2 F(u)/2 Flz(ﬂ)/Z}

‘ F,()/2 —F,(u)/2 —F,(w)/2]
H, (1)  H, (1) Ji (1)

H,(u)=|H, (@) —H, () |,J ()= (1) |
H21(:u) _Hzl(:u) Jz(,u)

C.(w)=[0 —2C(w)],
G,(w)=[-G (1) G G, (w)].

We define y =27, and

Lol =0
10 ﬂq’ <10 ﬁjZ’l’

I, + 7,00 T -700 0
I, =, -z I +7I" 0
0 0 2z,

Then LMI (23) can be written as

ur o o U 0 o0
L= 0 Ul 0 |L(w 0 U, 0
0 0 UZT 0 0 U,
; 27
vioo o0 v, 0 0
w0 ¥l oolLwl 0 ¥, 0]<0
0o o v 0 0 V,
where
I I 0 4
Ul:[l O]’ U2:|:0 0 [:|’ 1/1:|:0 ”‘12 ]’
v, = ﬁqu’l —7[{11_[1’1 0
0 0 -1

This completes the proof.

In theorem 2, we have derived an upper bound of the
model reduction error. In order to get a less conservative
model reduction error bound, it is necessary for n—+k

smallest eigenvalues of X and g¢-v  smallest

eigenvalues of Il to be small. Hence we choose a cost
function as J =(PQ)+ atr(RS) for a positive constant

«a . Thus, we minimize the non-convex cost function
subject to the convex constraints (9) and (11). Since this
optimization problem is non-convex, the optimization
problem is very difficult to solve it. So we suggest an
alternative suboptimal procedure using an iterative method.
We summarize an iterative method to solve a suboptimal
problem.

step 1 : Set i=0. Initialize B, O,, R and S, such
that (P +Q0,)+atr(R +S;) is minimized subject to
LMTI's (9) and (11).
step2:Set i=i+1.

1) Minimize J, =tr(P_Q,)+atr(RS,_) subject to
LMI (9).

2) Minimize J, =tr(PQ,)+atr(R.S;) subject to LMI
(11).
step 3 : If |Jl. —JH| is less than a small tolerance level,

stop iteration. Otherwise, go to step 2.

V. A Numerical Example
We consider following nonlinear system :

YO ==3y(1)=3y(t)’ + y(1)sin((1)) ~17(7)
=73(1)+(0.1cos(y(1)) +sin(y()y(r)  (28)
+u(t)

Assuming that | y(t)| <1, we rewrite (28) in a T-S fuzzy

system with time varying uncertain parameters.

Plant Rule i(i=1,2):
IF y@) is M,
THEN
x(t) = Ax(t)+ FEw(t)+ Bu(t)
z(t)=Hx(t)+ Ju(t)
y(1) = Cx(1) + Gyw(r)
w(t) =0(1)z(t)

(29)

where
M, =1-y(1)*, M, =y@), O@t)=diag(6,(t),0,(1)) ,
6,(1) = cos(y(1)), 6,(t) =sin(y(¢)) and

W(t) 0 1 0
xXO=|30) ], 4=|0 0 1|
$(t) 3 -7 -17
0 1 0 0
4=l0 0 1| B=B=0]|
-6 -7 -17 1



C,=C=[l 0 0], G=G,=[0 0]

We choose a =1 for convenience. Using the iterative
method described in section IV, we obtain suboptimal
solutions P, Q, R, S. From P, Q, R, S, we obtain the

balanced gramian X = diag(0.6300,0.65260,0.0390) and
IT = diag(0.4608,0.1722) . In the balanced system, the time
varying parameter matrix becomes
0,(t) =W 'OWW =diag(0,(t),6,(t)) . By truncating 1
state and 1 parameter in the balanced system, we obtain
following reduced T-S fuzzy system (30).

Plant Rule i(i=1,2):
IF y(¢) is M,
THEN

X(t) = A x(t)+ F,w(t) + B u(?)
2(t) = H x(t)+ J u(t)

y(1) = Cx(t)+ G, w(1) (30)
w(t) = 0,(1)z(1),
where
M, =1-y(t)’, M, =y()’, ©,(t)=0,(t) ’

0,(t) =sin(3(t)) and

rl

_[-0.1082  0.3754 [-0.2978  0.5611
1203752 —02912 " | -0.5622 —0.1080 |’

5 _p — 0.2504 P 0.2270
T2 024700 T 10.2239)

H,=H,=[02343 -0.2069],
"]r] = Jr2 = O’ Gr] = Gr2 = 0’
C,=C,=[02523 -0.2472].

From theorem 2, we can expect the model reduction
error is bounded by 0.4224.

VI. Concluding Remark

In this paper, we have studied a balanced model reduction
problem for T-S fuzzy systems with time varying
parameters. For this purpose, we have defined generalized
controllability and observability gramians for the uncertain
fuzzy system. This generalized gramians can be obtained

from solutions of LMI problem. Using the generalized
gramians, we have derived a balanced state space
realization. We have obtained the reduced model of the
fuzzy system by truncating not only some state variables
but also some uncertain parameters.

This work was supported by the Daegu University Brain
Korea 21 IT Division in 2004,
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