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Abstract— This paper first proposes an extension of div-
idends of cooperative games to that of bi-capacities (bi-
cooperative games) defined on 3", which is not the Mébius
transform. k-Additivity of bi-capacities proposed by Grabisch
and Labreuche [9] is re-characterized through the use of the
extended dividends. The notion of k-monotonicity of bi-capacities
is also characterized through each of the following notions: the
extended dividends, (S, T)-discrete derivatives, and |SUT|-order
derivatives of the piecewise multilinear extension of the ternary
pseudo-Boolean function corresponding to the capacities.

|. INTRODUCTION

Let N = {1,...,n} be a set of criteria describing the
preference of a decision maker over a set U of objects in
a multicriteria decision problem, or a set of players in a
cooperative game, etc... Capacities [4], set functions which
vanish on the empty set and be monotone (1-monotone) w.r.t.
set-inclusion, have become a fundamental tool in decision
making, especially decision under uncertainty and decision
making under multiple criteria. Characteristic functions, in
cooperative game theory, are set functions vanishing on the
empty set. These concepts are defined on 27,

Recently, there have been some attempt to define more
general concept in game theory and multicriteria decision
theory. In game theory, Aubin [1] has proposed the concept
of generalized coalition as a function ¢ : N — [—1, 1] which
associates each player ¢ with higher level of participation
c(i) € [-1,1]. A positive level is interpreted as attraction
of the player i for the coalition, and a negative level as
repulsion. Later, Bilbao et. al. [2] have proposed what they
call bicooperative games, which generalize the idea of ternary
voting games proposed by Felsenthal and Machover [6] on the
set of al signed coalitions given by {¢ : N — {-1,0,1}}.
(Recall that the set 2V is corresponding to the set of all
functions ¢ : N — {0,1}). Here, {¢ : N — {-1,0,1}} =
{(S,T) | S,T C N,SNT = 0} = 3", In multicriteria
decision theory, Grabisch and Labreuche [9] have proposed
what they call bi-capacities on the lattice (3%, C), which

are monotone functions w.rt. the order C on 3%, where
(51,52) C (T1,T») if and only if S; C 77 and S2 D Ts.
(Recall that the set 2V can be regarded as the lattice (2, C)
equipped with the order C induced by set-inclusion, and
ordinary capacities are monotone functions w.r.t. C on 2%).
Moreover, they have proposed the Mdbius transform [9] and
the concept of k-additivity [9] of bi-capacities via the order C
on 3", and the concept of k-monotonicity [11] of bi-capacities
as an extension of that of capacities.

This paper proposes an extension of dividends of cooper-
ative games to that of bi-capacities (bi-cooperative games)
defined on 3%, which is not the Mobius transform of the
bi-capacities (The dividends in an ordinary cooperative game
correspond to the Mobius transform of the game). New charac-
terizations of k-additivity and k-monotonicity of bi-capacities
are stated through the use of the generalized dividends.

Throughout this paper, to avoid heavy notations, we will
often omit braces to denote singletons.

Il. BI-CAPACITIES

WedenoteQ(N) = {(Al,Ag) S P(N)XP(N)lAlﬁAg =
0} = 3N, where P(N) stands for 2. When equipped with
the following order: for (A1, As), (B1,Bs) € Q(N)

(A1, A2) T (B, By) iff Ay C By and A D Bo,
(Q(N),C) is the lattice 3. Sup and inf are given by

(A1, As2) U (B1, B2) = (A1 U By, A2 N By),
(Al,AQ) M (Bl,BQ) = (A1 n Bl,AQ U BQ)

Top and bottom are respectively (N, () and (0, V).

Definition 1 (irreducible elements [5]):

Let (L,<,V,A,T,1) be a lattice. An element x € L is
V-irreducible if z # L and x = a vV b implies 2 = a or
x =b, Va,b € L, where V, A, T, L denotes sup, inf, the top
and bottom element, respectively.



Proposition 1: [9] The L-irreducible elementsof Q (V) are
(0,4¢) and (4,4¢), for al ¢ € N. Moreover, for any (A, As) €
QN),

(Al,Ag) = |_| (i,ic) (]

€A

@,59. @

n

j€N\(A1uA2)

The equation (1) is called the minimal decomposition of
(A1, Ag).

Note [9]: L-irreducible elements permit to define
layer in Q(NV) asfollows: (), N) is the bottom layer
(layer 0) (the black square on Fig.1), the set of al
L-irreducible elements forms layer 1 (black circles
on Fig.1), and layer k, for £k = 2,...n, contans
all elements whose minimal decomposition contains
exactly k U-irreducible elements. In other words,
layer k contains all elements (A1, As) € Q(N)
such that |Az] = n —k, for k = 2,...,n. On the
other hand, we consider another lattice (P(N),C
,U,N, N, (). Then, the empty set is the bottom layer;
all singletons are U-irreducible elements, (i.e. in
layer 1); the set of dl A € P(N) whose cardinality
isk, fork=2,...,n, formslayer k.

(123, 0)

(23,1)

(3, 1)

(3,12)

(0,123)

Fig. 1. The lattice Q(123): the element in layer O is indicated by a black
square and elements in layer 1 black circles.

Definition 2 (bi-capacity [9]): A function v :
is a bi-capacity if it satisfies:

(i) v(0,0) =0,

(i) AC B,A,B € Q(N) impliesv(A) < v(B).
In addition, v is normalized if v(N,0) =1 = —v(0, N); v is

Q(N) = R

called additive if it satisfies for all (A, A3) € Q(N),
U(AlaAQ) = Z U(va) + Z U(@,]),

i€A; JEA2

2

v is said to be monotone (1-monotone) if it satisfies this
condition (ii).

Definition 3 (Mobius transform of bi-capacity [9]): To any
bi-capacity v : Q(N) — R, another function m : Q(N) — R
can be associated by

m(Al,Ag) = (—1)‘A1\B1‘+|BZ\A2|U(31,BQ)

>

B1CAy
A3CBC A€

®)
for (A1, A2) € Q(IV). This correspondence proves to be one-
to-one, since conversely

U(Al,AQ) = m(BlaB2) (4)

>

(B1,B2)E(A1,A45)
for al (A41,As) € Q(N). The validity of (4) is proven by
Grabisch and Labreuche [9] who call m the Mabius transform
of a bi-capacity v.

Definition 4: To any bi-capacity v : Q(N) — R, another
function d : Q(N) — R can be associated by

d(Ar, Ag) = Y ()AL (By By) - (5)

B1CA;
ByC Az

-5

(0,A2)E(B1,B2)C(A1,0)

(_1)|A1\Bl|+\A2\B2|U(Bl’ By)

for (41, A2) € Q(N).

Proposition 2: Let v : Q(IN) — R be a bi-capacity, and
d: Q(N) — R the function defined by (5). Then,

’U(Al,Ag) = Z d(Bl,BQ) (6)
(0,A2)E(B1,B2)E(A1,0)
= > d(Bi,B) ()
B1CA
ByCAp

for al (A, A) € Q(N).

Property 1: Let v : Q(N) — R be a bi-capacity, m :
Q(N) — R the Mobhius transform of v, d : Q(N) — R
the function defined by (5), 1 : P(N) — R a capacity, and
m* : P(N) — R the Mdbius transform of u. If v(A41, A2) =
w(Ay) for al (A, A2) € Q(N), then

m(Al, AQ) = d(Al, AQ) = m“(Al)
for al (A, As) € Q(N).



Property 2: Let v : Q(N) — R be a bi-capacity. If there
exist two capacities 1, o : P(N) — R such that

v(A1, Ag) = p1 (A1) — pe(Az), V(A1,A42) € Q(N),

then
m“l (Al) |f A1 = (AQ)C,Al 7& @
B2 ¢ i = C
m(Al,Ag): m (Ag ) If Aq (Z),A2+N
m“2(A2) if A1:®,A2:N
0 otherwise,

where 7iz(A) = p2(N) — p2(N \ A) 19, and

mHt (Al) if Ay = 1]
d(Al,Az) = —m”Z(A2> if A; = 0
0 otherwise.

Property 3: Let v :
additive,

v(A1, Ag) = Z m(i,i¢) + Z m(0, j¢) 19

€A JEA2

Q(N) — R be a bi-capacity. If v is

and

v(Ar, Ag) = Y d(i,0)+ Y d(0, )

€A JEA2

for al (41, As) € Q(N).
The next proposition shows a relation between m and d.

Proposition 3: Let v : Q(N) — R be a bi-capacity, m :
Q(N) — R the Mdbius transform of v, and d : Q(N) — R
the function defined by (5). Then

m(Ay, Ag) = (—1)lA"\ A2l d(Ay,Cy)  (8)

)

A1°\A2CCCA,“

2.

CaCA1°\ Az

and

d(Ay, Ay) = (—1)14l m(Ay, Cs) 9)

for al (A, A) € Q(N).

I1l. k-ADDITIVITY

Grabisch and Labreuche [9] introduced the concept of k-
additivity into bi-capacities.

Definition 5 (k-additivity of capacity [7]): Given an inte-
ger k€ {1,...,n — 1}, acapacity p is sad to be k-additive
if m#(A) =0 whenever |A| > k.

Definition 6 (k-additivity of bi-capacity[9]): Given aninte-
ger k€ {1,...,n— 1}, abi-capacity is said to be k-additive

if its Mobius transform vanishes for all elements in layer |
whenever [ > k. Equivaently, a bi-capacity v is k-additive if
and only if m(Ay, A2) = 0 whenever |A5°| > k.

Proposition 4: Let v : Q(N) — R be a bi-capacity, m :
Q(N) — R theMobiustransform of v, and d : Q(N) — R the
function defined by (5). Given an integer k € {1,...,n — 1},
the following three conditions are equivalent to each other.

(i) v isk-additive.
(i) m(Ay, Ay) =0 if |A2°| > k.

(iii) d(A1,A2) =0if |A1 UA2| > k.

For .example, a bi-capacity is 1-additive if its Mobius
transform (resp. d : Q(N) — R) vanishes for al elements
indicated by open circles on Fig. 1 (resp. Fig. 2).

(123, 0)

(23, 1)

(3, 1)

(3,12)

(0, 123)
Fig. 2. The lattice Q(123)

Definition 7 (C-decomposition of bi-capacity): Let v be a
bi-capacity on Q(N) and C C P(N) a covering of N
(i,e. UpeeC = N). A family {vc}cec is caled a C-
decomposition of v if each v¢ isafunction on Q(C') vanishing
on (0,9) and the following holds:

(A1, A) = Y we(A1NC, AN C)
cec
for all (A1, Asz) € Q(N).

(10)

Proposition 5: Let v : Q(N) — R be a bi-capacity, m :
Q(N) — R the Mdbius transform of v, and d : Q(N) — R
the function defined by (5). Then, given a subset C' of N,

m(Ay, A2) = 0 whenever A, D C



if and only if
d(By, B2) = 0 whenever B; U By D C}
moreover,
m(Ay, A2) = 0 whenever Ay Z C
if and only if

d(Bl,Bg) = 0 whenever B; U By ZC.

Proposition 6: Let v : Q(N) — R be a bi-capacity, m
Q(N) — R the Mdbius transform of v, d : Q(N) — R the
function defined by (5), and C a covering of N. Then, the
following three conditions are equivalent to each other.

(i) v has aC-decomposition.
(i) m(A;,A2) =01if A, Z C fordl C eC.
(iii)
Clearly, the bi-capacity v having C-decomposition is k-
additive, where k = maxcec{|C|}.

d(Al,Ag) =0 if (Al UAQ) ZC foral C eC.

Proposition 7: Let C C P(N) is a covering of N. A bi-
capacity v on Q(N) has a C-decomposition if and only if
’U(Al,Ag): Z (—1 ’U(ﬂ DNAy, ﬂ DﬁAQ)

P#DCC DeD DeD
for all (41, As) € Q(N).

)|D|+1

IV. TERNARY PSEUDO-BOOLEAN FUNCTIONS
AND THE CHOQUET INTEGRAL

Recal that {v: Q(N) — R} = {f : {-1,0,1}" — R}.
Then, for any bi-capacity v : Q(IN) — R there exists aternary
pseudo-Boolean function £, (i.e. f,: {—1,0,1} — R) cor-
responding to v. Now, we propose equivalent representations,
by using ternary pseudo-Boolean functions, of v as follows:

folm):= Y d(S1,8) \ (@vOA N (—z:v0) (11)

(S1,52)€Q(N) 1€S51 JESa
= Y A5, S) [[@ivo)yx J] (—zivo) (12)
(51,82)€Q(N) i€51 JES2

for x € {—1,0,1}. This correspondence is represented as

fuo(e(ay,a)) = v(A1,A2) V(A1 Az) € Q(N),

where e, 4,) denotes a characteristic vector of (Ag, Az),
which is the vector of {—1,0,1}" whose i-th element is 1 if
1€ Ay, —1if i € Ay, and 0 otherwise.

Equation (11) leads to the Choquet integral w.rt. a bi-
capacity (This fact will be shown in Proposition 10). On the
other hand, Equation (11) leads to the piecewise multilinear

extension of the ternary pseudo-Boolean function correspond-
ing to the bi-capacity as follows:

Definition 8 (piecewise multilinear extension): Let v be a
bi-capacity and f, a ternary pseudo-Boolean function corre-
sponding to v. The piecewise multilinear extension of f, isa
real-valued function g, on [—1, 1] defined by

911(33): Z d(S1,Sg) H CL’l\/O X H

(51,52)€Q(N) €Sy jesz

—xz; V0)

(13)
forz € [-1,1]¥

Let F(Ay,Ag) == {z € {-1,0,1}N | z; > 0 Vi €
Ay and z; < 0 V) € Ap} and G(A1,4r) = {x €
[—1L,1N | 2; > 0Vi € Ay and x; < 0Vj € Ay} for
(A1, Az) € Q(N). Then, g,|g(a,,a,) isthe unique multilinear
function on G(Ay, Az) such that g,[g(a,,4,)(z) = f(z) for
any x € F(Ay, Az), where g,[g(a,,4,) IS the restriction of g
to G(A1, Az). Moreover, g,|g(a,,4,) iS expressed as follows:

>

B1CAy
ByCAp

d(Bl,BQ) H T; X H (717

i€By Jj€ B2

Iolg(a,,ay(T) =

for x € G(A1,A2), and gulg(a,,4,)(®) = golg(B,,B) (@)
Vo € Q(Al, Ag) n Q(Bl, BQ) if Q(Al, Ag) n Q(Bl, BQ) 7& @
Therefore, the g, is a piecewise multilinear function.

Definition 9 (Choquet integral wir.t. capacity [4]): Let pu
be a capacity and f a non-negative function defined on N.
The Choquet integral C,(f) of f w.rt. p is defined by

n

Z(fa(i) - fa(i—l)) 1(Aq),

=1

C;L(f) =

where o isapermutation on N suchthat 0 = f, () < fo1) <
- < forny, Ai = {o(i),...,0(n)}, and f; denotes the value
f()foreachzeN.

An important remark is that 1 needs not to be a capacity
(i.e. monotone) in order to that the Choquet integral is properly
defined: any set function vanishing on the empty set could do.

The expression of the Choquet integral w.r.t. bi-capacity has
been introduced axiomatically in Labreuche and Grabisch [12].

Definition 10 (Choquet integral w.r.t. bi-capacity [12]):
Let v be a bi-capacity and f a real-valued function on N.
The Choquet integral C,(f) of f w.r.t. v is given by

Co(f) = Cruy (IF1)



where py+ is area-valued set function on P(N) defined by
un+(C) =v(CNNT CNN7),and N* := {i € N|f; > 0},
N~ := N\NT,and f; denotes the value f(i) for eachi € N.

It should be noticed that i+ iS not a capacity in gen-
eral, since it may be not monotone, and even take negative
values. Observe that we have C,(1(4,,4,)) = v(41, Az) for
any (A, Az) € Q(N), where 1.4, 4,) is the characteristic
function of (A1, A2). Hence, the Choquet integral is indeed
an extension of v.

Proposition 8:

Culf) =

[14] Let 1 be a capacity on P(
Z S) /\ fi
SeP(N) €S
fordl f: N — R*, where f; denotes the value f(i) for each
1€ N.
Proposition 9:

N). Then,

[10] Let v be a bi-capacity on Q(N). Then,

Co(f) = Y m@B N f
BCN i€EB°NN—
+ Z m(Sl,Sg)-

(S1,82)€Q(N)
S1#0

C A
1€(S1US2)eNN—

foral f: N — R, where f; denotes the value f (i) for each
1€ N.

fit N\ H)vo

JESL

Proposition 10: Let v be a bi-capacity on Q(N). Then,
Co(f)= D, dS1,8) N (ivo)a A (=f;v0)
(S1,82)€Q(N) h JES2

foral f: N — R, where f; denotes the value f(i) for each
i€ N.

V. DERIVATIVES OF BI-CAPACITY

Grabisch and Labreuche [9] extended the notion of k-order
derivative of capacities to that of bi-capacities.

Definition 11 (7'-derivative of capacity [7]): Let u beaca
pacity defined on P(N) and T' € P(N). The T-derivative at
apoint S € P(N\T), isdenoted as Arv(SUT) and defined
by

Apv(SUT) = > (-1)"\y(suL). (14)
LCT
Definition 12 ((T', T»)-derivative of bi-capacity [10]):
Let v be a bi-capacity defined on Q(N) and

(T, Tz)

€ Q(N). The (T1,T,)-derivative a a point

(51,82 UTy), (S1,52) € QN \ (T1 U Ty)), is denoted as
Ay 1,)v(S1 U Ty, S2 UTy) and defined by

Ary 1,)v(S1 U Ty, S UTh)

L1CT1
LaCTo

1)/ TA\LalHL2lyy(S) U Ly, Sp U Lo). (15)

The formula (14) is led by the following recursive rela
tions [10]: A;v(SU4) := v(SU) —v(S) and Arv(SUT)
= A; (Apv(SUT)), i € T; the formula (15) is led by the
following recursive relations [10]:

A(l 9)v (Sl Ui 52) = ’U(Sl @] i,SQ) — U(Sl,SQ),
A(@J)U(Sl,Sg U]) = ’U(Sl,SQ) - ’U(Sl,Sg Uj),

A¢ry (S U Ty, Sy U Th)
= A0 (A(Tl\i,Tg)v(Sl UTi, S, U Tz))
= Awj) (A, 1\)v(S1UTL, S UTh)),
1€Ty,5 €Th.

Proposition 11: [9] For (T4,72) € Q(N),
Aty ) v(S1U T, 52 U Th)
(T1,N\(T1UT2))E(A1,Az);(sluTl,Sz)

for any (S1,52) € QN \ (T1 UT3)).

m(Al, AQ) (16)

Proposition 12: For (T4,T>) € Q(N),
A1y, 1) v(S1 U T, 52 UTh)

L1C51
LaCSa

for any (S1,52) € Q(INV\ (T1 UT3)).

DI2ld(L, U Ty, Ly UTy) (17)

Proposition 13: Let v be a bi-capacity and g,
[-1,1]VY — R the piecewise multilinear extension of
the ternary pseudo-Boolean function corresponding to
which is defined in definition 8, and (74,72) :=
({td, .. e, {th, ... t5)) € Q(N). Then,

&

Arry 1,)0(S1 U T, S2 UTh)
Hlits)
otiots, ..

( (S1UTy, 52UT2)) (18)

- ot ..., 6t3
for all (51,52) S Q(N\ (T1 U Tg)), where €(S1UTy,S,UTy) €
[—1,1]" is the characteristic vector of (S; U T}, 52 UTs) €
Q(N).



VI. k-MONOTONICITY

Labreuche and Grabisch [11] extended the notion of k-
monotonicity of capacities to that of bi-capacities.

Definition 13 (k-monotonicity of capacity [3]): Given an
integer k > 2, acapacity u on P(N) is said to be k-monotone
if and only if

(=M (ﬂ &-) (19)

icl

H(Us)= @

forany S; € P(N), 2 <i<k.

Definition 14 (k-monotonicity of bi-capacity [11]): Given
an integer k > 2, a hi-capacity v on Q(V) is said to be
k-monotone if and only if

,,,,,

forany S; € Q(N), 2 <i<k.

It is easy to verify that k-monctonicity, with any k& > 2,
implies [-monotonicity for all 2 < | < k. By extension, 1-
monotonicity (which does not correspond to £ = 1 in each of
Equations (19) and (20)) is defined as standard monotonicity.

Proposition 14: [3] Let 1 be a capacity defined on P(N).
For a given integer k£ > 1, the following three conditions are
equivalent to each other:

(i) p is k-monotone.

(i) Xecpcam*(B) =0

foral Ae P(N)and C € P(N)
with 1 < |C| < k.
(i) Apv(SUT)>0
foral T e P(N)withl <|T| <k
andal S e P(N\T).

Proposition 15: Let v be a bi-capacity defined on Q(N).
For a given integer £ > 1, the following four conditions are
equivalent to each other:

(i) v is k-monotone.

(if) > m(B1,By) > 0
(C1,C2)E(B1,B2)E(A1,42)
for al (A1, A2) € Q(N) and dl (C1,Cs) € Q(N)
with 1 < |C°| < k.

>

C1EB1CA
C2CB2C A3

for dl (A;, A) € Q(N) and dl (C;, Cs) € Q(N)

(iii) (—1)!ld(By, B;) > 0

(IV) A(Tl,Tg)v(Sl UTi, Sa U Tz) >0

for all (Tl,TQ) S Q(N) with 1 < |T1 UT2| <k
and all (51,52) S Q(N\ (Tl U Tg))
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