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Abstract—The features of a novel dynamical algorithm for
robust adaptive learning in neural networks and its
application to the neuro-adaptive nonlinear feedback control
are presented. The proposed approach makes a direct use of
variable structure systems theory. The suggested learning
algorithm establishes an inner sliding motion in terms of the
controller parameters, leading the learning error toward zero.
The outer sliding motion concerns the controlled nonlinear
plant, the state tracking error vector of which is
simultaneously forced towards the origin of the phase space.
The equivalence between the two sliding motions is
demonstrated. The convergence of the algorithm is established
and conditions are given. Results from a simulated neuro-
adaptive control of a two-link planar manipulator by using
the proposed nonlinear regulator sliding mode feedback-
error-learning scheme are presented. They show that the
implemented neural controller inherits some of the
advantages of the variable structure systems: high speed of
learning and robustness.

I. INTRODUCTION

HE applications of neural networks in closed-loop

feedback control systems have only recently been
rigorously studied. As it is pointed in [1], when placed in a
feedback system, even a static neural network becomes a
dynamical system and takes on new and unexpected
behaviors. Hence, such properties of the neural structures
as their internal stability, passivity, and robustness must be
studied before conclusions about the closed-loop
performance can be made. Many early papers on
neurocontrol did not address these effects. They mainly
proposed some control topologies and used some standard
techniques for weight adaptation.

Variable structure systems (VSS) with sliding mode
were first proposed in the early 1950s. The best property of
the sliding mode control (SMC) scheme is its robustness.
Broadly speaking, a system with an SMC is insensitive to
parameter changes or external disturbances [2]. Recent
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studies have emphasized that the convergence properties of
the gradient-based training strategies widely used in
artificial neural networks can be improved by utilizing the
SMC approach [3]. The method presented in [3] can be
considered as an indirect use of VSS theory. Some studies
on the direct use of SMC strategy have been also reported
in the literature [4] — [6]. A sliding mode strategy for
adaptive learning in Adalines has been developed in [4]
and algorithms for training of multilayer perceptrons, by
defining separate sliding surfaces for the different neuron
layers, have been proposed in [5, 6]. Their applications in
neuro-adaptive control schemes have been investigated in
[71-1[9].

Robotic manipulators are frequently used as test bed for
evaluation of newly proposed computationally intelligent
control methods since their coupled nonlinear equations
and ambiguities in the friction related dynamics inevitably
require flexible control architectures. The use of neural
networks (NNs) for learning manipulator inverse dynamics
has been a common approach. Jordan has proposed
forward-inverse-modeling [10] and Albus [11], Miller et al.
[12] and other researchers have used direct-inverse-
modeling to obtain command-error for forming the inverse
dynamics model as a feedforward neurocontroller. In
reinforcement learning [13] the plant performance can be
improved over time by means of on-line learning methods
in less structured situations. The feedback-error-learning
approach, proposed by Kawato et al. [14], is based on the
NN realization of the computed torque, plus a secondary
proportional plus derivative (PD) controller. The output of
the controller has been used as an error signal to update the
weights of a NN trained to become a feedforward
controller. Subsequently Gomi and Kawato [15] have
extended it for learning schemes where NN is applied as an
adaptive nonlinear feedback controller.

In the present paper the feedback-error-learning control
approach is further investigated by applying a VSS-based
on-line learning algorithm to the NN feedback controller
(NNFC). An inner sliding motion in terms of the NNFC
parameters is established, leading the output signal of the



conventional feedback controller (CFC) toward zero. The
outer sliding motion concerns the system under control, the
state tracking error vector of which is simultaneously
forced towards the origin of the phase space.

Section II presents the VSS-based on-line learning
algorithm, the proposed sliding mode feedback-error-
learning control scheme and introduces the equivalency
constraints on the sliding control performance for the plant
and the learning performance for the NNFC. Results from a
simulated control of a two-link planar manipulator by using
this neurocontrol strategy are shown in section III. Finally,
section IV summarizes the findings of the work.

II. THE SLIDING MODE LEARNING ALGORITHM

A. Initial assumptions and definitions

Consider the two-layered feedforward NN shown on Fig.
1. We will use the following definitions:

X()= [x1 ), ... . X, (z)}r - vector of the time-varying
input signals augmented by the bias term.
T, = [z-;’“(t), ,z-[’;"(t)]r - vector of the output

signals of the neurons in the hidden layer.
7" (¢) - scalar signal representing the time-varying output

of the network.
W]‘(t)(nx[))_ matrix of the time-varying connections’

weights between the neurons in the input and the hidden
layer, where each matrix’s element wi, () means the

weight of the connection of the neuron i from its input j .
W21) gy = [W2,(0)s..., w2, ()] - vector of the time-

varying connections’ weights between the neurons in the
hidden layer and the output node. Both W) and

W2(t),., are considered augmented by including the bias

weight components for the neurons in the hidden layer and
the output neuron respectively.
f() - nonlinear, differentiable,

increasing activation function of the neurons in the hidden
layer of the network. The neuron in the output layer is
considered with a linear activation function.

The NNFC is assumed to operate within an adaptive
control scheme, the general structure of which is presented
in Fig. 2. A conventional feedback controller (CFC) is
provided both as an ordinary feedback controller to
guarantee global asymptotic stability in compact space and
as an inverse reference model of the response of the
controlled object.

The proposed learning scheme has three
differences from the one presented earlier in [15].
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Fig. 1. Multilayer feedforward neural network with a scalar
output
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Fig. 2. Block diagram of nonlinear regulator sliding mode
feedback-error-learning scheme.

o The equation of the system is
r=7"-7" (1)
e A PD control law is used in CFC:

° =kyé+kye ()

where k,, and k,, are the controller gains.

e Sliding mode feedback-error-learning algorithm is
applied to the NNFC. The sliding surface for the

controlled system s, (e,e') and the zero adaptive learning

error level for the NNFC s, (T, T”) are defined as follows:

s, (e,e')zé+/te 3)

sc(r”,r)zr”:f’+r “4)

where A determines the slope of the sliding surface.
An assumption is made that the input vector of the

NNFC X(f) and it’s time derivative X (f) are bounded,

ie.
| X)) =X (O)+..+x2(t) <B, Vi (5)

[X@| =50 +..+i0)<B, vt




where B, and B, are known positive constants.

It will be accepted that, due to the physical constraints,
the magnitude of all vectors row W1,(¢) constituting the

matrix W1(¢) and the elements of the vector W2(¢) are
also bounded at each instant of time ¢ by means of

[W1,0)]| = W2, () + W, () + .+ w2 (6) < By, V2,
(w2,(1)|< By, Vi (6)

and B where

for some known constants o >

BWI
i=12,...n.
It will be also adopted that

bounded signals, i.e.

7(t) and 7(¢) are also

lr())|<B.. |#(1)|< B, Vi @)
where B_ and B, are positive constants.

The output signal 7,, of the i-th neuron from the

hidden layer and the output signal of the network 7" (¢)

are defined as:

P n
Ty = fLZ wl, xj) » T'() = Z w2,z (®)
j=1 i=1

B. The SMC-based on-line learning algorithm
Using the SMC approach, the zero value of the learning
error coordinate 7°(¢) is defined as a time-varying sliding

surface, i.e.
sc(T”,T)=T”(t)=r"(t)+r(t):0 )

which is the condition that the neural network model is
trained to become a nonlinear regulator to obtain the
desired response during tracking-error convergence
movement by compensation for the nonlinearity of the
controlled plant.

Definition 2.1: A sliding motion will have place on a
sliding manifold s, (T”,z’) =7°(t)=0, after time 7,
(hitting time) if the condition s (7)s,(t) =7°(¢)7(¢) <0 is
true for all ¢ in some nontrivial semi open subinterval of
time of the form [#,7,) = (—o0,2, ).

The learning algorithm for the network weights should

be derived in such a way that the sliding mode condition of
the above definition 2.1 will be enforced. To enable s, =0

is reached, we have the following theorem:

Theorem 2.2: If the learning algorithm for the weights
W1(t) and W2(¢t) is chosen respectively as

. w2, x, .
wl, =— Yx a sign(s,)>

SR .0 B

w2, =— — | sign(s,

i TZTH g c

with o being sufficiently large positive constant satisfying

(11)

(10)

a>nB,By, B.B,,+B,

then, for any arbitrary initial condition s,(0), the learning

error 7°(¢) will converge to zero during a finite time 7,

which may be estimated as

5.(0)

< (12)
a-nB,B,,B, B, +B,

h

and a sliding motion will occur on 7 =0 for all ¢ > t,.

Proof 2.2: Consider the following Lyapunov function
candidate:

1
V==’ (13)

2

Then differentiating 7, yields
V=58, =s,(#"+i)= (14)

s, {iw%f(zp:wlwxjﬂ +7 =
i=1 j=1

S, [iv’vZ,—TZ’ + iw&A,i(Wliﬂjxj + wll.’jjcj>+f1 -
=1 i=I =

1Ty . )
S| — - o sign(e)r, +
{ ZTZTH gn(e)r;,

i=1

w2 x;

n P
4—2‘/47 Z(—( X j a sign(e)x,w2; +wl, ,x w2, ] + z‘} =
=l j=l

n n P
s, [—asign(s(,) - z4aw2,.2 sign(s,)+ 24w2i ZWII., X+ z‘] =
i=1 i=1 Jj=1

—(a+aiAiw2i2j +{Zn:Aiw2izp:wlwxj +z"]sc <
i=1

i=1 j=1

—als,|+s, [Z Aiw2izp:w1i’j X+ Z"J <
i=1

J=1

SL‘



—als,|+(nB,B,,B,,B, +B,)|s.
|s,|(~ex+nB,By,ByB; +B,)<0 Vs, #0

p .
where  A4,(1), 0<4,(t)= f’[Zwli’jij <B, Vij is
j=1
the derivative of the neurons’ activation function f () and

B, corresponds to its maximum value. The inequality (14)

means that the controlled trajectories of the learning error
s,(t) converge to zero in a stable manner.

It is possible now to be shown that such a convergence
takes place in finite time. The differential equation that is

satisfied by the controlled error trajectories s, () is as

follows
n n P
5.(0) :—(1+2A7w2fjasign(sc)—i-ZA,wz.Zwliyj)g + (15)
i=I i=l J=1

For any ¢ <¢,, the solution, s_(¢), of this equation, with

initial condition s_(0) at # = 0, satisfies

t

5.()=5,(0) =[5, (c)do =

0

j{—asign(sc (0)) (1 + Zn: 4, (O')WZf (O')J +

(16)

i=1

> 4w (0)3 wl[,j(a)x;,(a)+‘i(a)}da

At time f=¢, the solution takes zero value and,

therefore,
—s,(0) = —a sign(s,.(0)) {th + j(i A (w2} (1) t} +

+I[Z A (w2, (t)zp: wl, (0%, (1) + r'(t)]a’t (17)

By multiplying both sides of the equation with
—sign(s,(0)) the estimate of 7, in (12) can be found
using the inequality (18).

(18)

s.(0)|=at, + af(i A(OW2;(t) dt —
sign(s, (0)).f [i A (w2, (t)zp: wl, ()X, (1) + r'(t)j dt>

b n
a[fh +J.(Z A (t)w2,-2(’)JdtJ_(”BAszBmBX +B.)t,2
0

i=1

[a~(nB,B,,B,,B, +B.) ],

Obviously, for all times f < ¢, , taking into account the

sliding mode controller gain ¢ in (11), it follows from (15)
that

5. (0)5.(1) =~

sc(t)(l + Z A,.(t)w2,.2(t)j + (19

(Z Ai(t)w2i(t)i wl, ()%, (6) + r'(t)}sc ()<

(-c+nB,B,,B,,B, +B,)

s, (t)‘ <0

and a sliding motion exists on s _(¢) =0 for £ >1,.

The relation between the sliding line § » and the zero

adaptive learning error level s, if A is taken as § = ky ,
D
is determined by the following equation:

s, =1 =kyée+ke=k, (éJrllz—Pej =kps, (20)

D

The tracking performance of the feedback control system
can be analyzed by introducing the following Lyapunov
function candidate:

e2))

Theorem 2.3: 1If the adaptation strategy for the adjustable
parameters of the NNFC is chosen as in equation (10) then
the negative definiteness of the time derivative of the
Lyapunov function in (21) is ensured.

Proof 2.3: Evaluating the time derivative of the Lyapunov
function in (21) yields
1

S = s =—4§5 <
V,=s,s, P 5.8, <
D

(22)

SC

(-a+nB,B,,B, B, +B.)<0,Vs,s,#0

72
D
The obtained result means that, assuming the sliding

mode control task is achievable, using 7° as a learning
error for the NNFC together with the adaptation law of (10)
enforces the desired reaching mode followed by a sliding
regime for the system under control. It is straightforward to
prove that the hitting occurs in a finite time (see the second
part of proof 2.2).



III. APPLICATION TO NEURO-ADAPTIVE CONTROL OF TWO-
LINK MANIPULATOR

Due to the highly nonlinear and coupled dynamics of
robot manipulators and the often unknown inertial
properties of the objects being manipulated, accurate
trajectory tracking is difficult to obtain. A solution to the
robot control problem requires combining conventional
approaches with new learning techniques in order to
achieve good performance.

Connectionist methods with distributed processing
provide the implementation tools for modeling the complex
input/output relations of the manipulator dynamics. The
connectionist approach may, in principle solve the problem
of variable - coupling complexity and state - dependency
because neural networks through the process of training
can approximate input-output mappings. In this way
connectionist structure as part of a decentralized feedback
control law can compensate wide range of robot
uncertainties.

In this section, the effectiveness of the proposed
approach is evaluated on the example of neuro-adaptive
control of a simple two-link planar robot manipulator
shown on Fig. 3. The manipulator was modeled as two
rigid links of length 0.5m each with point masses m; = 10

kg and m,= 8 kg at their distal ends. The dynamic
equations of the manipulator can be found in [16].

A

m,

3 9 .

>

Fig. 3. A two-link manipulator

Two identical neural network structures (one per
manipulator joint) with one hidden layer each, consisting of
5 neurons, where implemented as NNFC.

To alleviate the “chattering” phenomena, present in the
networks outputs the following standard substitution is
adopted for the ideal switch function.

S
c 23)
+0 (

sign (s,) =

c

with § =0.05.
The value used for the variable structure gain & was
chosen o =25 and the sampling time was set to 0.001 s.
The results are presented on Fig. 4a, b, ¢ where the
following denotations are used: Solid lines trajectories are
the actual trajectories. Desired trajectories are plotted with

dashed lines.
The desired joint position trajectories were chosen as:

Fig.
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Tracking performance of the proposed sliding mode

feedback-error-learning control scheme.



It can be seen that after an initial transition period of
approximately 0.25s the CFC torque signals are eliminated
and the joint outputs closely follow the required trajectories
demonstrating a good tracking performance of the control
scheme.

In Fig. 5, the phase space behavior is demonstrated. As it
can be seen from the plot the s =0 line is the attracting

invariant. Clearly the error vector is guided towards the
sliding manifold and due to the design presented it is forced
to remain in the vicinity of the attracting loci without
explicitly knowing the analytical details of the manipulator
dynamics.

Phase space behavior (joint 1)

de/dt

de/dt

Fig. 5. Phase space behavior

IV. CONCLUSION

A new learning scheme using sliding mode feedback-
error-learning strategy for a NN applied to adaptive
nonlinear feedback control has been proposed. The control
architecture developed has been simulated and its effect on
the trajectory tracking performance of a simple robot
manipulator has been evaluated. After the neural network
has compensated for the nonlinearity of the controlled
object through learning, the responses of the controlled
object follow the desired responses supplied by inverse
reference model implemented in the conventional feedback
controller. The learning scheme does not require perfect
preliminary knowledge of the nonlinearity of the system
under control. In contrast, it may be noted that the popular
model-based approaches for robot control (such as the
computed torque technique [16]) can result in poor control
performance if the specific model structure selected (on
which the controller design is based) does not completely
reflect all of the existing dynamics.
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