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Abstract— In this paper, the Choquet integral is

considered as one of the representations of piecewise

linear functions, and the mutual transformation with

Chua’s canonical form, which is another representation

of piecewise linear functions, is given. The relation-

ship with an existing generalization of Chua’s canoni-

cal form is also investigated.

I Introduction

It is well known that the Choquet integral over a finite
set is a piecewise linear function [9]. So far, Murofushi
and Narukawa [6] have shown that every piecewise linear
function is representable as a multi-level non-monotonic
Choquet integral with constant terms. On the other hand,
there are other well-known representations of piecewise
linear functions such as Chua’s canonical form [2], state-
variable representation [3] and max-min representation [8],
and so far various researches on piecewise linear functions
have been done. Until now, however, there have been
no unified researches. Therefore, we will build a unified
theory about piecewise linear functions with the consider-
ation that the multi-level Choquet integral is one of the
representations of piecewise linear functions.

As a first step towards the unified theory, this paper
investigates the relationship of Choquet integral to Chua’s
canonical form; the mutual transformation between them
is given, and the relationship to a generalization of Chua’s
canonical form [4] is also considered.

Throughout this paper, n is assumed to be a positive
integer, and X = {1, 2, . . . , n}. 2X denotes the power
set of X . The cardinality of a set B is denoted by |B|.
Moreover, R denotes the set of real numbers, max and
min operators are denoted by ∨ and ∧, respectively, and
for x ∈ R we write x+ = x ∨ 0 and x− = (−x)+. Unless
otherwise noted, all vectors are column vectors, and the
inner product of two vectors x, y ∈ R

n is denoted by
〈x, y〉. The transposition of a matrix (or a vector) A is

denoted by AT .

II Preliminaries

In this section, existing results relevant to the Choquet
integral and a piecewise linear function are introduced.
Moreover, Chua’s canonical form is also introduced.

A. Fuzzy measure and Choquet integral

This subsection describes existing results in the fuzzy
measure theory.

The following is the definition of fuzzy measure in this
paper.

Definition 1. [5, 7] A set function µ : 2X → R is called a
fuzzy measure if
(1) µ(∅) = 0.
µ is called a monotone fuzzy measure if it fulfills (1) and
the following:
(2) µ(A) � µ(B) whenever A ⊂ B.

Remark 1. Usually, a set function fulfilling (1) is called a
non-monotonic fuzzy measure, and a set function fulfilling
(1) and (2) is called a fuzzy measure [5, 7]. We, however,
adopt the above nonstandard terminology so that we deal
mainly with set functions fulfilling (1) in this paper.

Definition 2. [7] The Choquet integral of a function
f : X → R with respect to a fuzzy measure µ is defined
by

(C)
∫

X

f(j) dµ(j) =
n∑

k=1

f(jk)[µ(Ak) − µ(Ak+1)], (1)

where {j1, j2, . . . , jn} = X , f(j1) � f(j2) � · · · � f(jn),
Ak = {jk, jk+1, . . . , jn} for k = 1, 2, . . . , n and An+1 = ∅.
Definition 3. [7] Let µ be a fuzzy measure. The Möbius
inverse of µ is the set function µm : 2X → R defined as

µm(A) =
∑
B⊂A

(−1)|A\B|µ(B), ∀A ⊂ X.



Definition 4. [7] For a positive integer k, a fuzzy measure
µ is called k-additive if µm(A) = 0 whenever |A| > k, and
there exists at least one subset A ⊂ X such that |A| = k

and µm(A) 
= 0. In this case, we say that the order of
additivity of µ is k.

Proposition 1. [7] Let µ be a fuzzy measure on X, then
the following holds.

µ(A) =
∑
B⊂A

µm(B), ∀A ⊂ X.

Proposition 2. [7] The Choquet integral of a function
f : X → R with respect to a fuzzy measure µ is given
by

(C)
∫

X

f(j) dµ(j) =
∑

A⊂X
A �=∅

∧
j∈A

f(j)µm(A) (2)

B. Piecewise linear functions

In this subsection, the fundamental definitions relevant
to a piecewise linear function are introduced.

Definition 5. [10] A finite collection {(αi, βi)}l
i=1 of pairs

of a vector αi ∈ R
n \ {0} and a scalar βi ∈ R is called a

linear partition of R
n if it fulfills the following condition:

(lp) if i 
= j, there is no λ ∈ R such that λαi = αj and
λβi = βj .

Each (αi, βi) is called a boundary hyperplane.
The family of regions generated by a linear partition

{(αi, βi)}l
i=1 of R

n is the family R of subsets of R
n defined

as R = {RI | I ⊂ {1, 2, . . . , l}, dim(RI) = n} where

RI =
{

x ∈ R
n

∣∣∣∣ 〈αi, x〉 � βi for all i ∈ I,
〈αi, x〉 � βi for all i /∈ I

}
.

Remark 2. R
n =

⋃R holds.

Definition 6. [10] Let {(αi, βi)}l
i=1 be a linear parti-

tion of R
n and R be the family of regions generated

by {(αi, βi)}l
i=1. Two regions RI , RJ ∈ R are called

(i-)neighbors if I � J = {i}.
Definition 7. [2] A function f : R

n → R
m is called a

piecewise-linear function if there exists a linear partition
{(αi, βi)}l

i=1 of R
n which fulfills the following condition:

(pwl) For every R ∈ R, there exist a matrix A ∈ R
m×n

and a vector b ∈ R
m such that

f(x) = Ax + b, ∀x ∈ R.

The right-hand side above Ax+b is called the linear com-
ponent of f on R. Moreover, A is called the Jacobian of f

on R.

Remark 3. Every piecewise linear function is continuous.
Moreover, every piecewise linear function f has infinitely
many linear partitions of R

n which fulfill the condition
(pwl).

The following proposition indicates that Choquet inte-
gral is a piecewise linear function.

Proposition 3. [6][9] Let µ be a fuzzy measure on X, then
the following function ϕµ : R

n → R is a piecewise linear
function

ϕµ(x1, x2, . . . , xn) = (C)
∫

X

xj dµ(j), (3)

where the integrand in the right hand side is j �→
xj. Moreover, the piecewise linear function ϕµ has a
linear partition {(eij , 0)}1�i<j�n of R

n, where eij =
(eij1, eij2, . . . , eijn) is defined as

eijk =

⎧⎪⎨
⎪⎩

1 if k = i,

−1 if k = j,

0 otherwise.

The family of regions generated by {(eij , 0)}1�i<j�n is
R = {Rσ}σ∈S, where S is the set of permutations on X

and for σ ∈ S

Rσ = {x ∈ R
n |xσ(1) � · · · � xσ(n)}.

Furthermore, the linear component of ϕµ on Rσ is given by
the right-hand side of (1) with the substitution of f(jk) =
xσ(k) and jk = σ(k), (k = 1, 2, ..., n).

Henceforth, the Choquet integral of a function j �→ xj

with respect to a fuzzy measure µ will be denoted by ϕµ(x)
like as in (3).

C. Chua’s canonical form

The expression form based on the definition of a piece-
wise linear function (Definition 7) has problems such as
a lot of parameters, the difficulty of analysis, and the
immense cost of calculation. Because of these problems,
Chua introduced the following expression form.

Definition 8. [2] A piecewise linear function f : R
n → R

m

possesses a Chua’s canonical form if f is expressed as

f(x) = a + Bx +
1
2

l∑
i=1

ci|〈αi, x〉 − βi|, (4)

where l is a nonnegative integer, B ∈ R
m×n, αi ∈ R

n\{0},
a ∈ R

m, ci ∈ R
m \ {0}, βi ∈ R (i = 1, 2, . . . , l), and

{(αi, βi)}l
i=1 fulfills (lp).



Chua’s canonical form is unique in the sense that, if a
piecewise linear function (4) is represented as

f(x) = a′ + B′x +
1
2

l′∑
i=1

c′i|〈α′
i, x〉 − β′

i|,

then a = a′, B = B′, l = l′ and there exist a bijection
π : {1, 2, . . . , l} → {1, 2, . . . , l} and positive numbers γ1,
γ2, . . . , γl such that for every i ∈ {1, 2, . . . , l}

ci = γic
′
π(i), αi = γ−1

i α′
π(i), βi = γ−1

i β′
π(i).

Based on the observation above, throughout the paper
we put on Chua’s canonical form (4) the constraint that
||αi||∞ = ||(αi1, αi2, . . . , αin)||∞ = supj=1,2,...,n |αij | = 1
for i = 1, 2, . . . , l.

Besides the uniqueness, Chua’s canonical form has
merits such as a concise expression, a small number of
parameters, and the explicit information on a linear par-
tition of f , which is given as {(αi, βi)}l

i=1 by αi’s and βi’s
in (4). However, as shown in Remark 5 below, there is a
demerit that a piecewise linear function does not necessar-
ily have a Chua’s canonical form; in other words, the class
of piecewise linear functions possessing Chua’s canonical
form is very small.

Definition 9. [2] Let f : R
n → R

m be a piecewise lin-
ear function. f is said to possess the consistent variation
property if there exists a linear partition {(αi, βi)}l

i=1 of
R

n fulfilling the following condition (cv):

(cv) For every boundary hyperplane (αi, βi), there ex-
ists a matrix Ci ∈ R

m×n such that, for every pair of
i-neighboring regions (R+

iI , R
−
iI), it holds that

A+
iI − A−

iI = Ci,

where A+
iI and A−

iI are the Jacobians on R+
iI and R−

iI ,
respectively,

R+
iI =

{
x ∈ R

n

∣∣∣∣ 〈αl, x〉 � βl for all l ∈ I ∪ {i},
〈αl, x〉 � βl for all l /∈ I ∪ {i}

}
,

R−
iI =

{
x ∈ R

n

∣∣∣∣ 〈αl, x〉 � βl for all l ∈ I,
〈αl, x〉 � βl for all l /∈ I

}
,

and I ⊂ {1, 2, . . . , l} \ {i}.
Remark 4. When (cv) is fulfilled, there exists a unique
vector ci ∈ R

m such that Ci = ciα
T
i . Moreover, this ci

coincides with the constant vector ci in the right-hand
side of (4).

Proposition 4. [2] A piecewise linear function f : R
n →

R
m possesses a Chua’s canonical form if and only if f

possesses the consistent variation property.

Remark 5. A piecewise linear function does not necessar-
ily possess a Chua’s canonical form [2]. ci|〈αi, x〉 − βi|
in (4) expresses the variation of the linear component of
f when crossing over the boundary hyperplane (αi, βi).
Chua’s canonical form, equivalently the condition (cv),
requires that this variation is consistent independent of
the crossing point. Clearly, it is a very strong condition.

III Mutual transformation

This section gives the mutual transformation between
Choquet integral and Chua’s canonical form.

A. From Choquet integral to Chua’s canonical form

In the case of Choquet integral, the consistent variation
property is expressed as follows.

Lemma 1. Let µ be a fuzzy measure. Then the following
three conditions are equivalent to each other.

(i) The Choquet integral ϕµ(x) possesses the consistent
variation property.

(ii) For every pair i, j ∈ X with i < j, there exists cij ∈ R

such that for all A ⊂ X \ {i, j}
µ({i, j} ∪A)− µ({j} ∪A)− µ({i} ∪A) + µ(A) = cij .

(iii) µm(A) = 0 for all A ⊂ X with |A| > 2.

The following theorem follows from Definition 4, Propo-
sition 4, and Lemma 1.

Theorem 1. Let µ be a fuzzy measure. Then the Choquet
integral ϕµ(x) possesses Chua’s canonical form if and only
if µ is at most 2-additive. Moreover, Chua’s canonical
form of the Choquet integral is given as

ϕµ(x) =
∑
i∈X

⎛
⎝µm({i}) +

1
2

∑
i �=j

µm({i, j})
⎞
⎠xi

− 1
2

∑
i<j

µm({i, j}) · |〈eij , x〉|.

Example 1. Let X = {1, 2, 3, 4}, and consider the follow-
ing fuzzy measure µ:

µ({1}) = µ({2}) = µ({3}) = 1, µ({4}) = 3,

µ({1, 2}) = µ({2, 3}) = 2, µ({1, 4}) = 4,

µ({1, 3}) = µ({2, 4}) = µ({3, 4}) = 3,

µ({1, 2, 3}) = 4, µ({2, 3, 4}) = 3,

µ({1, 2, 4}) = 4, µ({1, 3, 4}) = 5, µ(X) = 5.

Obviously, µ is 2-additive and Chua’s canonical form of
ϕµ(x) is given as

ϕµ(x) = 1.5x1 + 0.5x2 + x3 + 2x4

− 0.5|x1 − x3| + 0.5|x2 − x4| + 0.5|x3 − x4|.



B. From Chua’s canonical form to Choquet integral

The following theorem gives the transformation from
Chua’s canonical form to the Choquet integral.

Theorem 2. Let a piecewise linear function f : R
n → R

possess a Chua’s canonical form (4). Then f is rep-
resentable as a Choquet integral ϕµ if and only if the
parameters a, αk’s, and βk’s of (4) fulfill the following
three conditions:

• a = 0.

• there exists an injection ρ : {1, 2, . . . , l} → (
X
2

)
such

that αk = eij for ρ(k) = {i, j} and i < j, where
(
X
2

)
denotes the family of all two-element subsets of X.

• βk = 0 for all k ∈ {1, 2, . . . , l}.
In this case, the Möbius inverse of the fuzzy measure µ is
given as follows:

µm(A) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if A = ∅,
bi +

1
2

∑
j �=i

c({i, j}) if A = {i},

−c({i, j}) if A = {i, j}
and i 
= j,

0 if |A| > 2,

(5)

where bi is the i-th component of B ∈ R
1×n in (4),

c({i, j}) =

{
ck if ρ(k) = {i, j},
0 otherwise,

and ck ∈ R
1 \ {0} is the k-th coefficient in (4). Moreover,

µ is monotone if and only if for every A ⊂ X and for
every i ∈ A

bi − 1
2

∑
j∈A\{i}

c({i, j}) +
1
2

∑
j /∈A

c({i, j}) � 0. (6)

Proof. The first assertion and Eq. (5) follow from Theo-
rem 1 and the uniqueness of Chua’s canonical form. Hence
it is sufficient to show the monotonicity condition (6). We
use the following equivalence [1]:

µ is monotone ⇔ ∀A ⊂ X, ∀i ∈ A;
∑

B:i∈B⊂A

µm(B) � 0.

Then we obtain the monotonicity condition (6) by using
(5) as follows:∑
B:i∈B⊂A

µm(B) =
∑

B:i∈B⊂A
|B|�2

µm(B)

= bi +
1
2

∑
j �=i

c({i, j})−
∑
j∈A
j �=i

c({i, j})

= bi − 1
2

∑
j∈A\{i}

c({i, j}) +
1
2

∑
j /∈A

c({i, j}).

Remark 6. The fuzzy measure µ in Theorem 2 is obtained
by an application of Proposition 1 to (5).

µ(A) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if A = ∅,
bi +

1
2

∑
j �=i

c({i, j}) if A = {i},

bi + bj +
1
2

∑
k �=i,j

c({i, k}) +
1
2

∑
k �=i,j

c({j, k})

if A = {i, j} and i 
= j,∑
B⊂A
|B|=2

µ(B) − (|A| − 2)
∑
i∈A

µ({i}) if |A| > 2.

IV Generalization of Chua’s canonical form

In Section III, it was shown that at most 2-additivity
of fuzzy measure is a necessary and sufficient condition
for Choquet integral to possess Chua’s canonical form.
In this section, we investigate the relationship between
k-additivity of fuzzy measure and a high-level canonical
form of Choquet integral. The high-level canonical form
of piecewise linear functions is a generalization of Chua’s
canonical form introduced by Lin et al. [4]. Our obser-
vation shows that the high-level canonical form is not
suitable as a “canonical form.”

A. High-level canonical form

In this subsection, existing results about the generalized
Chua’s canonical form are introduced, and several prop-
erties are described. Note that the following definition is
essentially same as that in [4].

Definition 10. An affine function f : R
n → R

m is called
0th-level canonical. For a positive integer K, a piecewise
linear function f : R

n → R
m is called Kth-level canonical

if there exist a nonnegative integer l, a matrix C ∈ R
m×l,

and (K − 1)th-level canonical piecewise linear functions
g : R

n → R
m and h : R

n → R
l such that

f(x) = g(x) + C|h(x)| ∀x ∈ R
n, (7)

where |h| = (|h1|, |h2|, . . . , |hl|)T for h = (h1, h2, . . . , hl)T .

Remark 7. By the definition above, obviously every Kth-
level canonical piecewise linear function is (K +1)th-level
canonical.

By definition, a piecewise linear function f : R
n → R

m

possesses a Chua’s canonical form if and only if f is first-
level canonical.

The following proposition shows that every piecewise
linear function can be expressed as (7).

Proposition 5. [4] For every piecewise linear function f

there exists a nonnegative integer K such that f is Kth-
level canonical.



The following properties (i) – (iii) can be easily seen
from the definition of high-level canonical form by in-
duction. Note that the proof of (iii) uses the following
well-known formula:

x ∧ y =
1
2
(x + y − |x − y|). (8)

Proposition 6. (i) If f1 : R
n → R

m1 and f2 : R
n → R

m2

are K1th- and K2th-level canonical, respectively, then the
product f1 × f2 : R

n → R
m1+m2 is max{K1, K2}th-level

canonical.
(ii) If f1 : R

n → R
m, f2 : R

n → R
m are K1th- and

K2th-level canonical, respectively, then their linear com-
bination f = λf1 + νf2 : R

n → R
m, where λ, ν ∈ R, is

max{K1, K2}th-level canonical.
(iii) If f1 : R

n → R, f2 : R
n → R are K1th- and K2th-

level canonical, respectively, then f1 ∧ f2 : R
n → R is

(max{K1, K2} + 1)th-level canonical.

B. Relation with the Choquet integral

This subsection clarifies the relationship between the
level of canonical form of Choquet integral ϕµ and the
order of additivity of the fuzzy measure µ.

Theorem 3. The Choquet integral ϕµ with respect to a
k-additive fuzzy measure µ is a �log2 k�th-level canonical
piecewise linear function, where �x� expresses the smallest
integer greater than or equal to x.

Proof. For each A (
= ∅) ⊂ X , we write fA(x) =∧
i∈A pi(x), where pi is the projection onto the i-th

coordinate, i.e., pi(x) = pi(x1, x2, . . . , xn) = xi. Obvi-
ously, pi is a 0th-level canonical piecewise linear function.
It can be shown from Proposition 6 (iii) by induction that
fA is a �log2 |A|�th-level canonical piecewise linear func-
tion. By Proposition 2, the Choquet integral ϕµ(x) with
respect to a k-additive fuzzy measure µ is expressed as

ϕµ(x) =
∑

A⊂X
0<|A|�k

fA(x)µm(A).

Therefore, by Proposition 6 (ii), ϕµ(x) is a �log2 k�th-level
canonical piecewise linear function.

By Theorem 3 the Choquet integrals with respect to
3- and 4-additive fuzzy measures are both second-level
canonical piecewise linear functions, and by Theorem 1
neither is first-level canonical. Despite the mathematical
difference between 3- and 4-additivities, the canonicity
level cannot differentiate them. Generally, for 2K−1 <

k < k′ � 2K , the Choquet integrals with respect to
k- and k′-additive fuzzy measures are both Kth-level

canonical. The order of additivity of a fuzzy measure can-
not be identified from the canonicity level of the Choquet
integral.

V Concluding remarks

This paper has given a necessary and sufficient
condition for the Choquet integral to possess Chua’s
canonical form, a necessary and sufficient condition for
Chua’s canonical form to be representable as a Choquet
integral, and the mutual transformation between them.

Moreover, the relationship between the generalized
Chua’s canonical form and the Choquet integral was in-
vestigated. From the observations in Section IV, we can
conclude that the representation using absolute value signs
such as (7) is not suitable as “canonical form” for the
Choquet integral. In addition, the canonicity level is too
coarse as a scale of complexity of piecewise linear func-
tions. A further direction of this study will be to find an-
other canonical form of piecewise linear functions which
can characterize the order of additivity of fuzzy measures.
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