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Abstract— In this paper, the uncertainty of duopoly
market is characterized by the possibility distribution, the
new Cournot equilibrium, called optimistic Cournot
equilibrium and pessimistic equilibrium, are proposed to
analyze duopoly mar ket.

I. COURNOT EQUILIBRIUM WITH SYMMETRICAL POSSIBILISTIC
INFORMATION

We image an industry with only firm 1 and firm 2 (duopoly
market), each producing and selling a single good.

Consumers do not care from which firm they purchase
the good. A very concrete and simple case of linear demand is
considered as follows:

l:):a-_b(c]l"'qz):D P>00 (1)

wherepisprice, g, and q, aresalequantitiesfrom Firm 1 and

Firm 2, respectively, b >0 isaconstant.
The plausible information on market is characterized by the
possibility distribution of a in (1).

Definition 1. The possibility distribution of a, denoted as 77, ,
is defined by the following continuous function

m,la,a ] - [01], )
where a, and a, are the lower and upper bounds of a .
Ca, Ofa,a,] so that m,(a,) =1, m,(a)=0, m,(a,)=0.
1, increaseswithin [a,,a,] and decreaseswithin [a_,a,].
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Proposition 1. The region of the profit of firmi is [0, %] .

Definition 2. The utility function of firmi (i=1, 2) isdefined by

the following strictly increasing function,
2

u:[o, %] - [01] ©)
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a
where u(0) =0 and u(—) =1.
0) (4b)

Definition 3. Conjecturing the output level of firm j being q;

and possibility degree of a, the optimistic value of the output
level q; of firmi, denoted as V,, (q;, q;) isdefined asfollows:

Vio (0;,0;) = max(min(1r, (), u(w, (a;, d;,@)))) , 4)

which is called as optimistic criterion.

It can be seen from (4) that a higher evaluation value of q; is
given by optimistic criterion if g; can produce a higher utility
with higher possibility, which is of risk-preference.

Definition 4. Conjecturing the output level of firmj being q;

and possibility degree of a, the pessimistic value of the output
level qg; of firm i, denotedas V;,(q;,q;) isdefined asfollows

Vip (a;,4;) = min(max(1- 17, (@), u(w; (q;,q;, @)))) , ©)
,which is called as pessimistic criterion.

It can be seen from (5) that alower evaluation value of q; is
given by pessimistic criterion if g, can produce alower utility
with higher possibility, which is of risk-aversion.

It isreasonable that firm i chooses its output level according
to the following criteria:
(1) Firmi choosesiits output level g; to maximize V,,(q;,q;) .

That is,

qi :argrrlhaxvio(qi'Qj):gio(Qj)' (6)

whichisareaction function of Firmi, called optimistic reaction
function.

(I1) Firmi choosesitsoutput level g; to maximize V, (q;,q;) -
That is,

di :arng]qlaXVip(qi’qj):gip(qj)l (7)

which is a reaction function of Firm i, called pessimistic
reaction function.
Definition 5. The solutions of the following equations (8) and

(9), denoted as (q;,.q5,) and (q;,.05,) . are called as



optimistic Cournot equilibrium and pessimistic Cournot
equilibrium, respectively.

Eth =05(d,)

8
(0> = 92 (01) ©
[0, =9y (9,)
2 = 0pp(0y) ®

Proposition 2. The optimistic Cournot equilibrium (g, ,d5,)
isthe solution of the following equations.

alo (q2) qu

' (10)
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where aio(qj) is the horizontal coordinate of the right
intersection of m,(a) and u(w, (a,qi*(qj),qj) , Which is

called as optimistic focus point of Firm i to represent the most
considerable value of a by the optimistic viewpaint.

Corollary 1. &, =&,,, 0;, =0,

Proposition 3. The pessimistic Cournot equilibrium (q;,,d5,)
isthe solution of the following equations.

aip(qz) ba,
= 2 (%) b,
11
aZp(ql) ba, (11)
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where aip(qj) is the horizontal coordinate of the left
intersection of 1-m,(a) and u(w, (a, qf,qj)),whichiscalled

as pessimistic focus point of firm i to represent the most
considerable value of a from pessimistic viewpoint.

Corollary 2. &4, =4,,, 0,, =05,
Theorem 1. There is one and only one optimistic Cournot
equilibrium (q,,,0,,) and pessimistic Cournot equilibrium

(G1p.95,) for thesetwo firms.

Theorem 2. The optimistic equilibrium outcomes arelarge than
the  pessimistic  equilibrium  outcomes, that s,

[ G0l > [, G, ]

Definition 6. Suppose that there are two possibility
distributions, m, and 71, If for any arbitrary x

1, (X) 2 15 (X) holds, then m is said to be more informed
than 17, , which isdenoted as 1, =71, .

Theorem 3. Suppose that (92 ,q%) and (g2 ,q5,) are the
optimistic Cournot equilibriums based on possibility
distributions 7, and 7, , respectively, (g,q3,) and
(ar,.05,) are pessimistic Cournot equilibriums based on
possibility distributions m, and Ty .

[as . a5 ] 2[as . 5] and [ag), a5, 1<[ay,. d5,] holds.

If m,>m; , then

The procedure for solving the equation (10)
Step 0. Arbitrarily choosea all[a,, a,] .

Step 1. Take 4, as a and solve Equation (10) to obtain

(o Ozo) -

Step 2. Cdculate e(@) =m,(a)-u(w (a,0;,,0,)) If
le(@) g € then &, =a and stop; If e(a) > ¢, then go to step
3;if e(a) <—¢, then go to step 4.

Step 3. Take a as a=a+Aa(Aa>0) and go back to step 1.
Step 4. Take a as a=a—Aa(Aa>0) and go back to step 1.

The procedure for solving the equation (11)
Step 0. Arbitrarily choosea all[a,,a.] .

Step 1. Take a as éip and solve Equation (11) to obtain

(0p . Uzp) -

Step 2. Calculate e(a)=1-7m,(a)-u(w,(a,0,,,0,,)) If
|e(a) s € then &, =a and stop; If e(a) > ¢, then go to step
3;if e(a) <-—¢, then go to step 4.

Step 3. Take a as a=a+Aa(Aa>0) and go back to step 1.
Step 4. Take a as a=a—Aa(Aa>0) and go back to step 1.

1. COURNOT EQUILIBRIUM WITH ASYMMETRICAL
POSSIBILISTIC INFORMATION

Let us consider asymmetrical information case. That is, some
new information s on a can be used by firm 2 and not be used
by firm 1. In this case, the output level of firm 2 is the function
of s, that is, q, =q,(s). The profit of firms 1 and 2 are as

follows:
w,(a,q,q,) = ag, —baf —ba,q,(s) (12
W, (&, 0, d,) = ad, (s) —ba; (s) —ba,q, (s) (13)

For firm 1, the certain value of s is unknown but the
possibility distribution of s is known. Based on extension
principle, the possibility distribution of the output level of firm
2, denoted as 17, (q,) , can be calculated.

Definition 7. Conjecturing output level of firm 2 being g, and
considering the possibility degree of g, , the optimistic value of
output level g, of firm 1 with information s, denoted as
Z,,(q9,,0,) isdefined asfollows:



Z1, (01, 9;) = max(min(7r, (a), 774 (A, ) (W, (0, G, @)))) (14)
It can be seen from (14) that a higher evaluation value of g, is
given by optimistic criterion if g, can produce a higher utility
with higher possibility of a and q, ,
risk-preference.

which is of

Definition 8. Conjecturing output level of firm 2 being g, and
considering the possibility degree of q,, the pessimistic value
of output level g, of firm 1 with information s, denoted as
Z,,(0,,0,) isdefined asfollows:

Z,,(01,9,) = min(max(1-17, (a), (1174 (a,)) W(w, (9, 42, &))))

(15

It can be seen from (15) that a lower evaluation value of g, is
given by pessimistic criterion if ¢, can produce alower utility
with higher possibility of a and q,, whichis of risk-aversion.

It isreasonable that firm 1 choosesits output level according to
the following criteria.
(I Firm 1 choosesitsoutput level g, tomaximize Z, (q,,q,) .

That is,

a, =ag mqax Z,,(9;,9,) =hy(a,) (16)

, which is a reaction function of firm 1, called optimistic
reaction function with information s.

(I) Firm 1 chooses its output level g, to maximize
Z,,(0,,0,) - Thatis,

Oy =argmax Z,,(%,0,) =hy,(a,)

17
, which is a reaction function of firm 1, called pessimistic
reaction function with information s.

Firm 2 can refine 11, (a) by using additional information s.

The renewed information is a kind of conditional possibility
distribution, denoted as m, () , which means that if

information is s, then the possibility distribution of a is
Ty (2) - Based on the renewed information, the optimal output

level is decided by firm 2. For simplicity, it is supposed that
my(@ is a continuous function such that

mys(@:[a,a,] - [0]] , where r[Als(a;:) =1, T[Als(all) =0
and m, (a,)=00 a <a <a <a <a 0. m(a) is an
increasing function within [a,,a.] and decreasing function

within [a_,a,] .

Definition 9. Conjecturing output level of firm 1 being g, ,
based on conditional possibility distribution 7, (a) , the

optimistic value of output level of firm 2, denoted as
Z,,(0,,9,) , isdefined asfollows:

Z 5 (01, Gz) = max(Min(7 (@), u(w, (q;, ., @)))) (18)
Definition 10. Conjecturing output level of firm 1 being q, ,
based on conditional possibility distribution 7m,.(a) , the

pessimistic value of output level of firm 2, denoted as
Z,,(%;,0,), isdefined asfollows:

Z5p (01, 9;) = min(max(1- 17, (a), u(w, (a,, a,, a))))
(19)

It isreasonable that firm 2 chooses its output level according to
the following criteria.
() Firm 2 chooses its output level g, to maximize

Z50(th,,) -Thaiis,

q2 = arg I'T(]an ZZo (qli QZ) = k20 (ql)

(20)

, which is a reaction function of Firm 2, called optimistic
reaction function with conditional possibility distribution.

(1) Firm 2 chooses its output level g, to maximize

Z,,(q,,0,). Thatis,

g, =agmax Z,,(0,0;) =Ky, (0y) 0210

, which is a reaction function of firm2, called pessimistic
reaction function with conditional possibility distribution.

Definition 11. The solutions of the following equations (22)
and (23), denoted as (0., ds,) and (qy,,ds,) , are caled as

optimistic and pessimistic Cournot
information s, respectively.

equilibriums  with

[0, = hy,(d,)

22

Ty = koo (@) )
[ql = hlp (q2)

=Ko (0) @)

Proposition 4. The optimistic Cournot equilibrium with
information s, (y,,0,,) » iS the solution of the following
equations.

0 — él1o (qz) _bCI2

1
.2 24
D 4,(d)-bg,’ @)
%12 2b

where &,,(q,) isthehorizontal coordinate of right intersection
of m,(a) and nQ(qz)m(wl(a,q;,qz)), which is caled as

optimistic focus point of firm 1 to represent the most
considerable value by the optimistic viewpoint of firm 1.
a,, (q,) is the horizontal coordinate of right intersection of



Ty (a) and u(w,(a, ,,d,)) , which is called as optimistic

focus point of firm 2 to represent the most considerable value
by the optimistic viewpoint of firm 2.

Proposition 5. The pessimistic Cournot equilibrium (q,,d5,)
is the solution of the following equations.

aip(qz) ba,
1
25
azp(ql) ba, (25)

2

0
EL
0
e =

where a,, (qz) is the horizontal coordinate of left intersection

of 1-m,(a) and (1-774(q,)) [W(w,(a, 0, ,d,)) , which is
called as pessimistic focus point of firm 1 to represent the most
considerable value by the pessimistic viewpoint of firm 1.
a,,(q;) is the horizontal coordinate of left intersection of

1-my(a) and u(w,(a, ;,d,)) , Whichiscalled as pessimistic

focus point of firm 2 to represent the most considerable value
by the pessimistic viewpoint of firm 2.

Theorem 4. There is one and only one optimistic Cournot
equilibrium (g,,,0,,) in (24) and pessimistic Cournot

equilibrium (qy,,q;,) in (25).

Proposition 6. The possibility distribution of profit of firm i is
asfollows:

.2 .
i w+bg;~ +ba; q;
My (W) = 1T, (————),

(26)
where (g, ,q,) isequilibrium outcomes of firms 1 and 2.
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