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Abstract

This paper is concerned with quadratic stability and sta-
bility with disturbance attenuation of a class of uncertain
fuzzy systems with time-delay. The class of systems un-
der consideration is fuzzy time-delay systems with norm-
bounded parameter uncertainties. Fuzzy systems often
approximate nonlinear systems and thus uncertain fuzzy
system description is useful to treat a wide class of sys-
tems. Moreover, uncertain systems with time delays gen-
eralize a wider class of nonlinear systems. Our main re-
sults are the relationship between robust H., control via
output feedback and a scaled H, control problem and the
one between quadratic stabilization and a standard H.,
control problem for fuzzy systems with time-delay. These
imply that quadratic stabilizing controllers for uncertain
fuzzy systems with time-delay can be designed by solving
Ho control problems for fuzzy systems with time-delay.
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1 Introduction

Control and modeling of nonlinear dynamical systems is
one of the most challenging areas in systems and control
theory. Nonlinear control has been active for many years,
and many results concerning with nonlinear control have
been obtained (for example, [4], [5]). However, it is still
difficult to implement nonlinear controllers for practical
systems. On the other hand, much effort has also been
devoted to modeling nonlinear systems ([1]). System mod-
eling and parameter identification of nonlinear dynamical
systems are also important and difficult problems, and
hence so is practical controller implementation for nonlin-
ear systems. In order to overcome these difficulties, we
pay much attention to robust control and its controller
design. In the past years, there has been considerable at-
tention to the problems of robust stabilization and robust
performance of uncertain systems. One of the most repre-
sentative problems in robust control theory is the so-called
H control problem ([3], [13], [14], {15]). Recently, robust
stabilization and robust H., control problems for systems
with uncertain parameters have been studied ([2], [6], [8],
[9], [10]). Uncertainties in the systems come from the
approximation of nonlinear dynamical systems by linear

dynamical systems and identification error between orig-
inal nonlinear systems and mathematical systems. Ob-
viously, linear systems with uncertainties treat a wider
class of systems and hence robust stabilization and robust
H, control problem for those uncertain systems are more
practical problems. The solution to the robust H, con-
trol problem was given using Riccati equation approach
and LMI approach ([2], [6], [8], [9], [10]).

Time-delay systems often appear in industrial systems
and information networks. Thus, it is important to ana-
lyze time-delay systems and design controllers for them.
However, time-delay systems are, in general, infinite di-
mensional systems, which make the analysis and synthe-
sis complicates. Recently, memoryless controllers have
been successively employed to stabilize time-delay sys-
tems. Such controllers have been applied to fuzzy time-
delay systems([11], [12]). Moreover, robust control for

time-delay systems have been obtained in [7].

In this paper we consider quadratic stability and sta-
bility with disturbance attenuation for fuzzy time-delay
systems with norm-bounded uncertain parameters. The
uncertain parameters in the systems under consideration
are additive structured uncertainties whose values are un-
known but known to be bounded. We show relationships
between quadratic stability with disturbance attenuation
for uncertain fuzzy time-delay systems and a scaled H.,
control for the same class of systems without uncertain-
ties, and between quadratic stability and a standard H.,
control. The relationships are shown through linear ma-
trix inequalities. The paper is organized as follows; we
introduce a class of systems with norm-bounded uncer-
tain parameters and make some important definitions in
Section 2. The robust Ho analysis and synthesis for un-
certain time-delay systems are given in Section 3. Finally,
concluding remarks are given in Section 4.

2 The Uncertain Systems

In this section, we introduce a class of fuzzy time-delay
systems with norm-bounded parameter uncertainties and
make some important definitions for the systems.

First, consider the Takagi-Sugeno fuzzy time-delay



model described by the following IF-THEN rules:

IF &1 is My and - - - and &, is My,
THEN x(t) = Aix(t) + Adix(t — h) + Biw(t),
2(t) =Cix(t) i=1,---,r

where h is an unknown time-delay, z(t) € R™ is the state,
w(t) € N™ is the disturbance, z(t) € R is the controlled
output, the matrices A;, Ag;, B; and C; are of appropriate
dimensions, r is the number of IF-THEN rules, M;; are

fuzzy sets and &, ---, {, are premise variables. We set

E=1[& - §p]T Here we assume that the premise

variables are given and do not depend on u. The state
equation is defined as follows:
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and M;;(-) is the grade of the membership function of M;;.
We assume §;(§) > 0,7 =1,---,7, and Y., 5;(§) > 0
for any t. Hence \;(&) satisfy \;(§) > 0,i=1,---,r and
Sy Ai(€) =1 for any t.

Definition 2.1 The system (1) is said to be input-
output stable if z(t) € L2(0,00;R1) for any w(t) €
L?(0, 0o; ™) where L*(0, 00; +) is the space of square in-
tegrable functions.

Definition 2.2 Given a scalar v > 0, the system (1) is
said to be stable with disturbance attenuation =y if it is
exponentially stable and input-output stable with

Iz 7,<d ||wli, (2)
for some 0 < d < .

For the standard linear systems we have the following
lemma.

Lemma 2.1 Let vy > 0 be given, and consider the follow-
g system

éﬁg))Jr Agz(t — h) + Bw(t), (3)

Then it is stable with disturbance attenuation -y if there
exist matrices X > 0 and Y > 0 which satisfy

ATX + XA+ XWX +CTC+Y =-P<0 (4)

where
W =~"2BBT + A, Y 1A,

Proof: Take a Lyapunov function

0

V(z,t) =27 2T (t+ B)Yx(t+ B)d3 (5)

()X (t) + /
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where X and Y are positive definite matrices satisfying
(4). Note that since both X and Y are positive definite
V(x,t) is positive for all x # 0. We differentiate V' (z,t)
with respect to ¢ along the solution to (3);

A xm) o) + 2T ()X (1) + 27 (1) V(1)
w!(t = h)Yx(t - h)
= ()[ATX+XA+Y+CTC
+X(—2BBT+AdY‘1AdT) Jz(t)

—?fut) = =5 BT Xa(t)*
—|YY2(z(t — h) — Y AT X (t))[?
—(|2(®)F = |lw(®)[?) .

= —2T({t)Px(t) — y?|w(t) — —BTXx(t)|2
—[ Y12 (a(t — 1)~ YA Xa (1))
—([2(®)F =¥ lw(®)[?).

Since P > al for some o > 0, we have

—|=(t)* + ﬂw(t)l2 —afz(t)[?
—Plu(t) ~ =B Xa(t)
—|YY2(2(t — h) — YL AT Xx(1))]2.
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Integrating both sides from 0 to T, we have

V(T) + ||2]37 + allz]|57 +2]|w — 25 BT X3
Y2 (2(t — h) — Y LET X2(1))]|3;
<?[|wll3r + V(0)

where || - ||3; is the norm in L2(0,T};-). Hence (3) is both
exponentially stable and input-output stable. Moreover

12112, + oflzl|Z, + VY2 (a(t — h) = Y ETXa(t))]7,
<7 lwllz,

which yields (2).

Now consider the Takagi-Sugeno fuzzy model with
norm-bounded parameter uncertainties, described by the
following fuzzy IF-THEN rules;

IF &1 is My; and -+ - and & is M,
THEN  &(t) = (A; + AA)z(t)
+(Aai + DAz (t) + Biw(t),
Z(t) = sz(t), = 1a T

where AA;, AAy; represent the time-varying uncertain
matrices of appropriate dimensions, and can describe the
identification errors between the original systems and the
local linear representation of the nonlinear systems. Then
the state equation and the controlled output are defined
as follows;
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and similar notation will be used hereafter.
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Definition 2.3 Consider the system (6). The unforced

uncertain system (6) with w = 0 is said to be quadratically
stable if there exist matrices X > 0, Y > 0 such that

(AN + AAN))TX + X(AN) + AAN)
ig/((Ad(A) +AAGN)Y TH AN Ag + AA(N)TX

for all admissible uncertainties NA, NAq. Similarly, the
uncertain system (6) is said to be quadratically stabilizable
via feedback controller if there exists a feedback controller
sucétl that the resulting closed-loop system is quadratically
stable.

3 Robust H, Analysis and Syn-
thesis

In this section, we show the relationships between ro-
bust Hy, control and a scaled H,, control, and between
quadratic stabilization and a standard H., control prob-
lem.

Now consider the fuzzy model of Takagi and Sugeno
described by the following fuzzy IF-THEN rules;

IF §1 is Mli and ---

and &, is M,
THEN  i(t) =

(Ai + AA;)x(t)
+(Adi + AAdi)-r(t - h) + Bliw(t)
+(Ba; + ABy;)u(t),
Z(t) - Cllx(t) + DlQU'(t)? 1= 1a T
y(t) = (Coi + ACo;)x(t) + Darsw(t)
+(Dagi + ADag;)u(t)
(7)

where u(t) € R™2 is the control input, and y(t) € R is
the observation. We assume that the uncertainties are of
the form

NA; ABQ‘ _ Hl‘ . .
[ ACh;  ADsy, } N [ Ha, }F’(t)[ B Eul,
ANAgy = HgFi(t)Egi, i=1,---,r

where Fy(t) e R\*S i=1,---,
parameters such that

r are matrices of uncertain

FrF@t)<I,i=1,...,r

and Ey;, Fo;, Eg;, Hi;, Ho; and Hg; are known real matri-
ces of appropriate dimensions that characterize the struc-
tures of uncertainties.

Then the state equation and the controlled output are
defined as follows;

Zwu)){(

=1
+(Agi + Hyi FiEg;)x(t
(BQi + HuF'E%)U(t)}a

Z )\ {Olzx( ) + Dlgi’u,(t)}’ (8)
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+D21z (t) + (Dag; + HoiFi Eoi)u(t)}.

A + Hi;FiEq)x(t)

— h) + Bw(t)+

{(Ca; + Hai F; En;)x(t)

Suppose that the following rules concerning the output
feedback controller for each subsystem (7) are given.

IF &1 is My and - - -Aand &p is My,
THEN JA?(t) = f}zf(t) + Biy(t),
u(t) =Cix(t), i=1,---,r

where all the matrices are of appropriate dimensions.
Based on these rules, we take the following controller;

>
—~

~
=

I

I
—

~~
N

We use the same weights \;(£(¢)) as those for the rules (7)
of the fuzzy system.

Now we cooperate the H, disturbance attenuation per-
formance with the quadratic stability.

Definition 3.1 Given a scalar v > 0, the unforced un-
certain system (8) with u(t) = 0 is said to be quadratically
stable with disturbance attenuation 7y if there exist matri-
ces X >0, Y > 0 such that for all admissible uncertain-
ties AA and AAy,

(AN + AAO)TX + X(AN) + AAN) (10)
+OTNCN) + XWX +Y <0

where

W =~72B1(\)B{ ()
+H(Aa(A) + AAN))YH(Aa(N) + AAN)T

and (-)(\) denotes > _._; Ni(€)("). Similarly, the uncer-

tain system (8) is said to be quadratically stabilizable with
disturbance attenuation v via output feedback controller
if there exists an output feedback controller of the form
(9) such that the resulting closed-loop system with (9) is
quadratically stable with disturbance attenuation -y.

Remark 3.1 The notion of quadratic stability with dis-
turbance attenuation is a natural extension of quadratic
stability to incorporate Hy, performance and its conserva-
tiveness lies in the requirement of fized matrices X and
Y in (10) for all admissible parameter uncertainties as in
the quadratic stability. Despite its conservativeness, this
notion naturally combines both quadratic stability and dis-
turbance attenuation.



Our main results will clarify the relationships between
both robust H, control via output feedback and a scaled
H,, control problem and a standard H,, control problem
for time-delay systems. In connection with the system
(8) we now introduce a system below that will allow us to
establish the relationship between robust H., and a scaled
H, control problem.

ZA

) A (t) + Agi(t — h)

+[ \/EHli VegHai v By |w(t)
+BQiU'(t)}’ 1
—FE;
: 7
=D NEM§ | L, | =0
i=1 \/%M (11)
1
—E»;
+ | Ve |uw .
Dyo;
= X&) {Caix(t)
+1[ i/EH% 0 7 'Day Jw(t) + Dagiu(t)}

where w(t) € R24™2 is the disturbance, 2(t) € R25+0 is
the controlled outputs. The matrices A;, Agi, B1s, B2,
Chi, C2i, D12, Daviy Dagi, Eri, Egiy, Hi; and Hg; are the
same as in the system (8), ¢ > 0,e4 > 0 are parameters
to be chosen and v > 0 is the disturbance attenuation
performance we wish to achieve for the system (8).

Lemma 3.1 (/2]) Suppose there exist ¢ > 0 and matriz
X > 0 such that the following hold:

a) cHT'XH < I, and
b1) ATXA — X + eATXH(I — cHTXH) "HTXA +

1
EETE +cTc <o, or

1
b2) AT(X' —eHHT)'A + gETE +cTc <o.

Then, we have
(A+ HFE)"X(A+ HFE)
for all F satisfying FTF < 1I.

-X+Ccfc<o0 (12

Proof: Introducing

Wy = er/?(I — eqHTXH)"V2HTX A
—e,'*(I — eqHT X H)'/?F,E

we have

WIW, = eqATXH(I —e,HT"XH)'HTX A
~ETFLH"XA — ATXHFyE
+e, ' EYFL(I — eqH' XH)Fy E
= eqATXH(I —eqHTXH)THTXA
~ETFLH"XA — ATXHFyE

+e,'E'FL Fyn E

—ETdeHTXHdeE

cqATXH(I —eHTXH) *HTX A

—ETFdiHTXA ATXHF,,F

+§dETE ETFL HT X HF,E.
d

IN

Now considering a), we obtain

2
cdATXH(I — eqHTXH) " "HTXA+ PAETE
€

> ETFEHTXA+ ATXHF.E
+ETFL HT XHF ), E

Consequently, (12) follows from a) and b).

In view of Definition 3.1 and Lemma 3.1, Lemma 2.1
leads to the following theorem.

Theorem 3.1 Given a constant v > 0, the unforced sys-
tem (11) with u(t) = 0 is quadratically stable with uni-
tary disturbance attenuation if there exist common matri-
ces X >0, Y >0 such that for some €,eq4 > 0

1
Y - —dEdTiEdi >0,
ATX + XA + XWX + CLCy (13)
1
+EE£E11+Y<05 1= 1a"'ar

where

’y_QBliBﬂ i’_EHllHlj; + Edengi
+Aai(Y — ngdTiEdz’)_lAdTi-

In this case, the unforced system (11) with u(t) = 0 is
quadratically stable with unitary disturbance attenuation.
In this case, the unforced system (8) with u(t) = 0 is
quadratically stable with disturbance attenuation -y

Proof: The conditions (13) turn out to be that there exist
matrices X > 0, Y > 0 satisfying

ATX + XA, + XWX +CICi+Y <0 (14)
where
W, = B;Bl + Ay,Y 1AGITi,
[ \/EHU \/Edez 7_1Bdi ]a
1
—E..
_ Ve
N
Cu

It can be proved by Lemma 2.1 that the unforced system
of (11) with u(t) = 0 is stable with unitary He, distur-
bance attenuation if there exist matrices X > 0, Y > 0
satisfying (14). Thus we show the first part of the theo-
rem.

Using Lemma 3.1, we calculate the left-hand side of (4)



for the system (8);
(AN + AAN)TX + X(A(N) + AAN)T
+XWNX + CT(A)C(A) +Y
<Z)\2 ATX+XA+ E Elz

+eXH HLX +Y +CF Cu+X{7 By B,
+€deini+Adi(Y_ - EdiEdi) LAY X]

+Z)\
1<J

—|—€XH1¢H1TiX +Y + Clicli
+X{y ?B1;BY; + eqHai H};

+Au(Y — = EgiEdi)_lAgi}X

))[ATX+XA + = E i

1

+ATX+XA + E By +eXHH{ X
+Y + Cljc;llj + X{“Y QBljBlj + Ede]de
+A45(Y — —dEngdj)—lAg}X

—(Cri — C1j)" (Cri = Cyy)
—X{y7*(B1; — By;)(Bi —
—(Agi + HyFiEq; — Agj —
x(Agi + Hai FiEq; — Agj —

By;)"
deFjEdj)Y_l
HyiFjEq)" }X].

(15)
The conditions (13) suffices to show (15) is negative defi-
nite, and thus it follows from Lemma 2.1 that we have the
desired result.

The following theorem shows the relationship via output
feedback control.

Theorem 3.2 Let v > 0 be a prescribed level of distur-
bance attenuation and the output feedback controller be of
the form (9). Then the closed-loop system corresponding
to (11) and (9) is stable with unitary disturbance attenu-

ation if there exist matrices X >0, Y > 0 such that
Al X + X Aijre + XWi; X + CF Cri
1-7 - _
+gE1TikE1ik+Y <0, i, 5, k=11

v~2By;BY,; + EHMJ'HlTij +eaHyHE,
+Aa (Y - ngdTiEdz’)_lfidTi,

_ A
Aijr, = [ 5

By, Cy
BjCQi

Aj + BjDQQiék
= Au O
Adi = |: Odz 0 i| ’
H _ H..
Hll]_[BﬁQl],Hdi:[ 0dzi|,
Evk = B E2uCy ],

7 By, 7 .
Bis = [ B’jD;u' ] , Crik = Cui D12iCy |-

Eg=[Ea 0]

3

In this case, the system (8) is quadratically stabilizable
with disturbance attenuation v via the output feedback con-
troller (9).

Proof: We take the controller (9). the closed-loop system
(11) with (9) becomes

=D 3 O NE@)A

NAR(E(?))
i=1 j—1 k=1
X {Aijk@(t) + Adifjt — h) B
+[ VeHy; ey Hai v 'Buj |w(t)},
By
K K \/E
- nEmneEm | g e
i=1 k=1 €4
Crik

where A;ji, Agi, Biij, Hiij, Hai, Evik, Eq; and C,y, are the
same as above. Also, it follows that the closed-loop system
(8) with (9) is given by the form

D PP

§(8) Ak (E(1))
1=1j=1k=1

X{(Aljk_‘_Hll]FEllk) ( )
; (édz + Hagi FiEgi)T(t — h) +Blmw( )}

=373 ME) M () Crane(t)
i=1 k=1
where 71 = [ gt ] The desired result follows im-

mediately from Theorem 3.1.

Remark 3.2 Theorem 3.2 established the relationship be-
tween the robust Hy, control problem for the fuzzy time-
delay system (8) and the scaled Ho control problem for the
system (11). Therefore, a solution to the robust Hy, con-
trol problem for fuzzy time-delay systems can be obtained
via ezisting Ho, control techniques([13]) for the same class
of systems. Moreover, Theorem 3.2 allows us to obtain
output feedback controllers that solve the robust H, con-
trol problem.

Next, we discuss the quadratic stability and quadratic
stabilization problems of fuzzy time-delay system (8).
Similar to the robust H,, control, the quadratic stabil-
ity and quadratic stabilization of the system (8) will be
shown to be related to the Ho, control of the following
system:

i(t) = Z)\ ) {Aix(t) + Agix(t — h)
+[ VeHy; \/Edl{ldi Jw(t) + Baiu(t)},
r —FE;
) = Saem | v |0
=1 \/—E_dldi
+ | u<t>},
0
y(t) = ZA )){Ca(t)

+[ VEHs; 0 ]w(t) + Dagiu(t)}
(16)

where x(t) € R is the state, w(t) € R is the distur-
bance, Z(t) € R?® is the controlled output. The matrices



Aj, Adg, Baiy Coi, Dagi, Eng, Ea;y Hi; and Hg; are the same
as in the system (8). The relationships between quadratic
stability and H, control, and between quadratic stabiliza-
tion and Ho, control are given in the following theorems.

Theorem 3.3 The unforced system (16) with u(t) = 0
is stable with unitary disturbance attenuation if there ex-
ist common matrices X > 0, Y > 0 such that for some
€,eq4>0

1
Y - ngdTiEdi >0,
ATX + XA + XWX + CLCy (17)
1
+EE£E11+Y<05 1= 1a"'ar

where

W, = eHyuHIL +eqHaHY,

+Aqu (Y — ngdTiEdz’)_lAdTi-

In this case, the unforced system (8) with u(t) = 0 is
quadratically stable.

Proof: Similar to proof of Theorem 3.1, it can be shown
that (17) is a sufficient condition for stability with unitary
disturbance attenuation for the system (16). Moreover, if
there exists a common positive definite matrix X such
that (17) is satisfied, then we have

(AN + AAM)TX + X(A(N) + AA(N)) <0,

which implies that the unforced system (8) with u(t) =0
is quadratically stable.

Theorem 3.4 The closed-loop system corresponding to
(16) and (9) is stable with unitary disturbance attenua-

tion if there exist matrices X >0, Y > 0 such that
Al X + X Ay + XWX + CF.Crin

lor 5 Ly 18

+gE1TikE1ik+Y <0, i, 5, k=11 (18)

where

I/V,L'j = Ef{lijngij + EdeiH(g;»
+ A4 (Y — ng(iEdi)_lfldTi,

In this case, the system (8) is quadratically stabilizable via
the output feedback controller (9).

Proof: Similar to proof of Theorem 3.2, it can be shown
that the closed-loop system (16) with (9) is stable with
unitary disturbance attenuation, and the closed-loop sys-
tem (8) with (9) is quadratically stable if there exists a
common positive definite matrix X such that (18) is sat-
isfied.

Remark 3.3 In view of Theorem 8.3, it results that the
separation principle for Hy, control also carries over to
quadratic stabilization of (8) via output feedback. More-
over, Theorem 3.3 also allows us to solve output feedback
controllers that quadratically stabilize (8).

4 Conclusion

For fuzzy time-delay systems, we have shown the relation-
ships between robust H., control and a scaled H,, control,
and between quadratic stabilization and a standard H.
control problem, which allows us to solve the robust con-
trollers for uncertain fuzzy time-delay systems.
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